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SUMMARY 

The work described in this report is conducted to quantify and obtain a 
physical understanding of the noise reduction mechanisms in supersonic 
inverted-velocity-profile coannular jets, with emphasis on the shock 
associated noise reduction. 

Thenoise characteristics of coannular jets operated at supercritical 
pressure ratios are measured in the Lockheed anechoic facility. For all 
test conditions, corresponding acoustic measurements for the fully-mixed 
equivalent single jet (defined as having the same thrust, mass flow rate and 
exit area as the coannular jet) are also obtained so that the noise charact- 
eristics from the two types of jets can be compared directly to quantify the 
noise reductions. 

The shock associated noise from the fan or outer stream of the coannular 
jet is virtually eliminated when the primary or inner stream is operated at 
a Mach number just above unity, regardless of all the other jet operating 
parameters. At this optimum condition, the coannular jet provides the 
maximum noise reduction relative to the equivalent single jet. Furthermore, 
unlike the reduction of jet mixing noise from a coannular jet, which occurs 
only at inverted-velocity-profile conditions, the fan-to-primary velocity 
ratio is not an important parameter in the elimination or reduction of shock 
noise from a coannular jet. The shock associated noise reduction can be 
achieved at inverted- as well as normal-velocity-profile conditions, provided 
the coannular jet is operated with the primary stream just slightly super- 
sonic. 

To understand the acoustic results, a simple analytical model for the 
periodic shock cell structure is first constructed and studied. The model 
indicates that, as observed in previous optical measurements, a drastic 

change in the fan stream shock cell structure occurs when the primary stream 
increases its velocity from subsonic to supersonic. At this point, the 
almost periodic shock cell structure of the fan stream nearly completely 
disappears, and hence, the noise radiated is minimum. 

In the second part of the theoretical work, a first order shock structure 
model for the coannular jet is developed. Based on the concept that shock 
associated noise is generated by the weak interaction between the downstream 
propagating large scale turbulence structures in the mixing layers of the 
jet and the repetitive shock cell system, formulae for the peak frequencies 
and noise intensity scaling are derived. The validity of these formulae 
is tested by comparison with measured results. Good agreement is found for 
both subsonic and supersonic primary jet flows. 





1, INTRODUCTION 

In recent years, as a result of the programs sponsored by NASA-Lewis 
Research Center on model Duct Burning Turbofan (DBTF) engine noise measure- 
ments, it has been noted that coaxial or coannular jets with inverted velocity 
profiles provide a significant noise reduction. The data generated under 
these programs. (refs. 1 and 2) have since been analyzed in detail at the 
NASA-Langley Research Center (ref. 3), and conclusive evidence is now avail- 
able to show that a 4-5 dB reduction in sound power levels, without loss of 
eng i ne performance, can be achieved at certain optimum coannular jet operating 
conditions. However, the reasons for the observed noise reductions are not 
clearly and completely understood. If the inverted-profile concept is to be 
effectively utilized to obtain a wider acoustic margin for the development of 
the Advanced Supersonic Transport (AU), it is crucial that the noise reduction 
mechanism be fully understood and that some technological basis be provided 
for the optimization of coannular jet engine design for minimum noise. 

To obtain a fundamental understanding of the noise reduction mechanisms 
in coannular jets, Lockheed-Georgia conducted a one-year contract study for 
NASA-Langley, and the results of this investigation were reported fully in 
Reference 4. During this program, significant progress was made in gener- 
ating a large amount of aerodynamic and acoustic data on inverted-profile 
coannular jets, as well as in explaining the noise reductions in such jets. 
However, the major emphasis in this work was placed on shock-free jet oper- 
ating conditions, although some work was also conducted-on shock-containing 
conditions. As a result of this effort, the changes in turbulent jet mixing 
noise characteristics in inverted-profile coannular jets, relative to the 
equivalent single jet (defined as having the same thrust, mass flow rate, and 
jet exit area as the coannular jet), have been largely understood and quanti- 
fied. 

The noise benefit from the inverted-profile concept, however, is con- 
sidered to be maximum in the supersonic regime. At certain supercritical jet 
operating conditions, large reductions in the shock noise component are 
believed to occur. This belief was reinforced in the above-mentioned Lockheed 
study (ref. 4) as a result of extensive optical measurements, which were 
conducted to observe the variation of shock structure in coannular jets as a 
function of fan (or outer) and primary (or inner) stream pressure ratio com- 
binations. 

In these optical measurements, 42 Schlieren photographs were obtained 
covering three series of test conditions for the coannular jet. In each series, 
the primary stream total temperature (Ttp), the fan stream total temperature 

(Qf) , and the fan stream pressure ratio (<f) were kept constant, and the 
primary stream pressure ratio (Sp) was varied over a large range. The nominal 
values of the test parameters are given in Table 1 .l. 



Table 1.1 Test conditions for optical measurements (ref. 4) --.~. 

Ttp( K) Ttf( K) <f 5, 

Series 1 294 728 2.93 1 .oo * 4.49 
Series 2 728 294 2.93 1.00 -f 3.48 
Seri,es 3 728 978 2.37 1.00 -f 3.53 

J 

In series 1, the fan flow was heated while the primary flow was unheated; in 
series 2, the primary flow was heated while the fan flow was unheated; 
finally, in series 3, both streams were heated. 

In each test series, the variation in coannular jet shock structure 
with increasing primary nozzle pressure ratio was qualitatively similar. To 
i 1 lustrate this variation, the Schlieren photographs obtained from series 2 
are shown here in Figure 1; 1. For 5 

R 
= 1 (Figure 1 .l (a)), there is no flow 

exhausting from the primary nozzle; t e annular flow exhausting from the fan 
nozzle contains a number of clearly identifiable, “donut-shaped” shock 
cells which rapidly decrease in diameter with downstream distance due to 
the convergence.of the annular flow towards the jet centerline. As soon as 
the primary flow is turned on, these shock cells remain essentially constant 
in size, and up to 8 or 10, almost regularly spaced shock cells can now be 
identified. As 5, is increased further, there is not a significant change 
in the overall “donut-shaped” shock structure, until 5, becomes greater than 
the critical pressure ratio. As soon as 5 

R 
is increased above approximately 

1.9 (Figure 1.1(e)), a drastic change in t e shock structure occurs. At 
this point, the closely-spaced shock cell structure in the fan stream ob- 
served in al 1 cases for 5, < 1.9 is largely destroyed, and it is replaced 
by only one or two shock cells close to the nozzle exits. As 5 

I: 
is now 

increased to values well in excess of 1.9, the shock cells in t e super- 
critical primary stream become more and more evident, and increase in spacing 
as 5 increases . At the highest value of 5 (Figure 1.1(E)), the total 
shot R structure consists of one or two shot R s close to the nozzle exit from 
the fan stream and three or four widely-spaced shock cells in the primary 
stream. 

Although this description of the observed changes in shock structure in 
inverted-velocity-profile coannular jets is greatly oversimplified, the 
Schlieren measurements do indicate a sudden change in the shock structure of 
the outer flow when the inner flow becomes supersonic. Based on these obser- 
vat ions, it was postulated that the broadband shock associated noise from 
coannular jets may be greatly reduced at and near the conditions at which this 
sudden change in the fan flow shock structure occurs. However, systematic 
acoustic measurements to support this hypothesis were not available at that 
time, and one of the primary requirements of the work described in this 
report was to obtain such acoustic data. In addition, it is vital to under- 
stand the associated phenomena so that the noise benefit of coannular jets at 
supercritical conditions can be exploited. 

4 



The overall objective of the present investigation, therefore, is to 
quantify and obtain a physical understanding of the noise reduction mechanisms 
in supersonic inverted-velocity-profile coannular jets, with emphasis on the 
shock associated noise reduction. 

This objective was accomplished by (1) conducting extensive acoustic 
measurements of supersonic coannular jets, and (2) interpreting the measured 
noise results with the aid of new theoretical models for shock structure and 
noise characteristics of shock-containing coannular jet flows. 

The major findings of this investigation are as follows: 

(1) The experimental results obtained in this study show that the shock 
associated noise from the fan or outer stream of the coannular jet is virt- 
ually eliminated when the primary or inner stream is operated at a Mach 
number just above unity, regardless of all the other jet operating parameters. 
At this optimum condition, the coannular jet provides the maximum noise 
reduction relative to the equivalent single jet. Furthermore, unl ike the 
reduction of jet mixing noise from a coannular jet, which occurs only at 
inverted-velocity-profile conditions, the fan-to-primary velocity ratio is 
not an important parameter in the elimination or reduction of shock noise 
from a coannular jet. The shock associated noise reduction can be achieved 
at inverted- as well as normal-velocity-profile conditions, provided the 
coannular jet is operated with the primary stream just slightly supersonic. 

(2) The theoretical models for shock structure and shock associated 
noise developed in this program are in complete agreement with the acoustic 
and optical measurements. The models predict that a drastic change in the 
fan stream shock cell structure occurs when the primary stream increases its 
velocity from subsonic to supersonic. At this point, the almost periodic 
shock cell structure of the fan stream nearly completely disappears, and 
hence, the noise radiated is minimum. 

In this report, the details of the acoustic experiments are given in 
Section 2, and the measured noise results are presented and discussed fully 
in Section 3. The next two sections (i.e., Sections 4 and 5) are devoted 
entirely to theoretical model development and comparison of experimental 
results with theoretical noise scaling formulae. Finally, the main con- 
clusions of this work are given in Section 6. 
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Figure 1 .l Schlieren photographs showing the variation of shock 
structure in a coannular jet with increasing Ep. 
Fixed Ef=2.93, Ttp = 728 ‘K, Ttf = 294 K. 
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(e) 5, = 1.984 

Figure 1.1 (Continued). 
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(9) 5, = 2.435 

(h) 5, = 2.603 

. 

(i) 5, = 2.953 

Figure 1.1 (Cent inued). 
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(j) 5, = 3.183 
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(k) 5, = 3.345 

(a> 5, = 3.479 

Figure 1.1 (Concluded) . 
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2, ACOUSTIC EXPERIMENTS 

The experimental program to obtain the far-field noise characteristics 
of inverted-velocity-profile coannular jets under supersonic conditions is 
described in this section in two parts. The first part deals with the facil- 
ities and the data acquisition and reduction procedures used in the experi- 
ments, while the second part gives the details of the coannular jet test 
conditions. 

2.1 FACILITIES AND DATA ACQUISITION 

The acoustic experiments were conducted in the Lockheed anechoic facil- 
ity, which has been used extensively in the past to conduct both single jet 
and coannular jet noise measurements. A detailed description of this facil- 
ity is given in Reference 5, and the salient features are summarized below. 

The anechoic chamber provides a free-field environment at all frequ- 
encies above 200 Hz, and incorporates a specially designed exhaust collector/ 
muffler which (i) provides adequate quantities of jet entrainment air, (ii) 
distributes this entrainment air symmetrically around the jet axis, and 
(iii) keeps the airflow circulation velocities in the room to a minimum. 

The air supply for the primary and secondary jets originates from the 
main compressor, 
lo6 N/m2. 

which provides up to 9 kg/set of clean dry air at 2.07 x 
This air is heated by a propane burner to approximately 1100 K. 

Downstream of the burner, the primary and secondary air supplies are con- 
trolled independently, and each has a hot and a cold valve so that any 
desired jet operating conditions can be achieved within the pressure and 
temperature limitations of the system. Each airstream is then directed 
through a diffuser and a muffler to minimize internal noise levels. The two 
streams finally enter their respective plenums, which are located upstream 
of the coannular nozzle section. 

Special attention has been paid to flow conditioning. Downstream of the 
mufflers, the flow area to nozzle exit area is maintained greater than 36~1 
up to the nozzle inlet. This ensures that no additional noise or turbulence 
is generated, since the flow velocities are very low. 

To ensure that the relative axial positions of the exit planes of the 
two nozzles do not vary, a special expansion coupling has been incorporated 
in the primary ductwork, with a corresponding spacer in the secondary duct- 
work. This provides for expansion or contraction of the inner duct relative 
to the outer duct of +4 mm from center, which is adequate for the thermal 
expansion associated with the probable temperature differentials between 
primary and secondary flows. 

Finally, to maintain concentricity of the two nozzles at all times, a 
special spoked nozzle attachment flange is included. 
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2.1.1 Coannular Nozzle Configuration 

The coannular nozzle that was used throughout this investigation is 
shown in Figure 2.1. (The same nozzle was also used for the optical 
measurements - discussed in Section 1 - during the previous contract study.) 
The nozzles have been carefully designed to give minimum boundary layer 
thickness and flow streamlines parallel to the jet axis at the exit. The 
specifications of the nozzle configuration are as follows: 

Diameter of primary nozzle 
Diameter of fan nozzle 
Primary nozzle lip thickness 
Fan nozzle lip thickness 
Primary nozzle wall thickness at fan nozzle 

exit plane 
Primary nozzle extension beyond fan nozzle 

exit plane 
Radius ratio 
Primary stream exit area 
Fan stream exit area 
Equivalent (or total) jet exit area 
Area ratio 
Equivalent nozzle diameter 

Dp = 4.996 cm 
Df = 6.797 cm 
tp = 0.0508 cm 
tf = 0.0508 cm 

= 0.127 cm 

L = 0.4 Dp 
rp/rf = 0.735 

Ap = lg.604 cm2 
Af = 14.637 cm2 

A = 34.241 cm2 

Af /Ap = 0.747 

Deq = 6.603 cm 

To obtain acoustic results for the equivalent single jet corresponding 
to the coannular jet, measurements were conducted by removing the fan or 
outer nozzle and operating the primary or inner nozzle alone at the equiva- 
lent single jet operating conditions. Since the diameter of this primary 
nozzle is 4.996 cm, the results were subsequently scaled to an equivalent 
nozzle diameter of 6.603 cm, using standard size scaling procedures. In 
this manner, the coannular jet noise data can be compared directly with the 
equivalent single jet noise data to determine the noise benefit. This point 
will be elaborated in Section 2.2. Throughout the tests no screech suppression 
device was used. 

2.1.2 Data Acquisition 

The acoustic measurements were conducted on a polar arc of radius 3.05 m 
(10 feet). Eleven 6.35 mm ( t-inch) B&K microphones were positioned from 20° 
to 120° to the downstream jet axis at intervals of 10’. The sound pressure 
data were recorded on a multi-channel Honeywell tape recorder for subsequent 
analysis. The recorded data were analyzed on a General Radio one-third 
octave band analyzer over the frequency ranqe from 200 Hz to 80 KHz, and 
the results were recorded on a digital tape recorder. The recorded 
levels were subsequently processed on a digital computer using a data reduc- 
tion program which applies microphone frequency response corrections and 
atmospheric attenuation corrections, and computes overall sound pressure 
levels over the frequency range 200 Hz - 80 KHz. 

It should be noted that all sound pressure and sound power results 
presented in this report are lossless (that is, with zero atmospheric 
attenuation), and the levels are expressed for a common observer distance 
of R = 100 Deq (i.e., R = 6.6 m) from the nozzle exit. 
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2.2 TEST PROGRAM 

Due to the large number of absolute parameters (e.g., velocity, temper- 
ature, area, etc.) as well as parameter ratios involved in characterizing 
coannular jet noise, the noise reduction can be (and has been) examined and 
quantified in a number of different ways. In the earlier studies on normal- 
velocity-profile coannular jets (fan-to-primary velocity ratio Vf/Vp < 1), 
the coannular jet noise levels were almost always compared with the noise 
levels from the primary jet alone. In many of the initial studies on 
inverted-velocity-profile coannular jets (i.e., Vf/Vp> 1), the noise reduc- 
tion has been assessed in most part by either (i) comparing coannular jet 
noise levels with synthesized noise levels, or (ii) comparing coannular jet 
noise levels to the Vf/Vp = 1 case for fixed fan velocity Vf. The “syn- 
thes i zed” method has no physical rationale, whereas the other two schemes 
are at best misleading. It was only relatively recently that some selected 
results have been re-examined to assess the noise reduction with respect to 
the corresponding “fully mixed equivalent single jets.” But even in those 
cases where the noise benefit has been evaluated correctly (according to 
the criteria discussed in the next paragraph), some confusion exists as to 
whether the net noise reductions are due to reductions in the jet mixing 
noise component or reductions in the shock noise component, since a clear 
distinction between shock-free and shock-containing coannular jets has not 
been made in these evaluations. 

In order to evaluate the real noise benefit, it is desirable to have a 
means of comparing different coannular jet noise levels which takes realistic 
account of the aircraft propulsion design constraints. Significant par- 
ameters in this context include nozzle gross thrust, mass flow rate, total 
enthalpy change, and exit area. A constant-thrust comparison is obviously 
essential; which two other parameters should be kept constant is to some 
extent arbitrary. In the Lockheed work, area and mass flow rate have been 
chosen for the time being, and it is believed that the final conclusions are 
not expected to differ significantly if mass flow rate and total energy are 
kept constant instead (with area as the floating parameter). As a basis for 
quantifying the noise reductions, therefore, the fully-mixed equivalent 
single jet, defined as having a uniform exit profile and the same exit area, 
mass flow rate, and thrust as the actual coannular jets, is used. Compari- 
son on this basis indicates where particular coannular configurations hold 
promise of useful noise reductions in an actual propulsion application. 

In the first Lockheed study on coannular jets (ref. 4), the noise 
reductions from shock-free coannular jets were quantified and understood on 
the basis discussed above. The same criteria are now used in the present 
work where the emphasis is placed on noise reductions from shock-containing 
coannular jet flows. 

As mentioned in Section 1, in the previous contract study (ref. 4), 
three sets of optical measurements of supercritical inverted-velocity-profile 
coannular jets were conducted, which revealed that the repetitive shock cell 
structure in the fan or outer stream can be largely destroyed (or minimized) 
if the primary or inner nozzle is operated just above the critical pressure 
ratio. The acoustic test plan presented here is designed to determine 
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whether such a behavior leads to significant reductions in the corres- 
ponding shock associated noise (generated in the fan stream) at these 
“opt imum” operating conditions. 

Four series of acoustic measurements were conducted as shown in 
Table 2.1. 

Table 2.1 Test conditions for acoustic measurements 

Ttp(K) 
~-. 

Series 1 
Series 2* 
Series 3 
Series 4 

Ptf’pa ptp/Pa 

3.0 1.2 + 4.0 
3.0 1.2 -f 4.0 

‘4.; 
1.2 -f 4.0 

. 1.2 -+ 4.0 

;k Includes cases similar to the schlieren photographs of 
Section 1. 

300 
800 
600 
300 

800 
300 
800 
800 

In the first test series, the primary flow was unheated while the fan flow 
was heated; in the second test series, the primary flow was heated while the 
fan flow was unheated; in the third test series, both flows were heated with 
the fan flow at a higher total temperature (Ttf) than the primary flow total 
temperature (Ttp) . 

In the first three series, the fan stream pressure ratio (ptf/pa) was 
maintained constant at 3.0; in series 4, this was increased to 4.3. Within 
each test series, 
from 1.2 to 4.0. 

the primary stream pressure ratio (ptp/pa) was varied 
Fourteen values of primary pressure ratio were considered 

in each test series, thus giving a total of 56 coannular jet operating 
conditions. The values of ptp/pa were closely spaced around the critical 
pressure ratio, ptp/pa = 1.9, so that the noise changes at and around the 
’ ‘opt i mum’ ’ condition can be determined accurately. 

As mentioned before, the noise reduction needs to be assessed by com- 
paring the coannular jet noise levels with the corresponding equivalent 
single jet noise levels. The equivalent s’ingle jet is defined here as having 
the same exit area, mass flow rate, and thrust as the coannular jet. In 
principle, although the noise characteristics at the fully-mixed equivalent 
conditions can be obtained by using the existing noise prediction capability, 
it was felt that in certain cases the inaccuracies in the noise predictions, 
especially at supersonic conditions, may be of the same order of magnitude 
as the real noise reductions. Hence, in this basic research program, it was 
decided that conclusions based in part on noise predictions be avoided. 
Therefore, measurements at 56 equivalent jet conditions were also conducted 
in this program using a convergent nozzle. 

An outline of the procedure used to calculate the equivalent single jet 
operating conditions corresponding to the coannular jet operating conditions 
is given in a block diagram form in Figure 2.2. A computer program based 
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on this procedure was written, and the output from. this program, presented 
here as Tables 2.2, 2.3, 2.4 and 2.5, gives all the information relevant to 
the test plan for this investigation. In this. test plan, the ambient pressure 
(pa) and the ambient temperature (T,) were taken to be 98.25 KN/m2 (14.25 
psi) and 300K (80°F), respectively. In the tables, the pressure ratio, 
total temperature, mass flow rate, thrust, and the fully-expanded jet 
velocity for the coannular jets (i.e., primary and fan streams) and the 
equivalent single jet are given for each test point (TP). In addition, for 
each test series, the fully-expanded fan-to-primary velocity ratio, Vf/Vp, 
is listed in the last column of each table. 

Finally, the test plan is also illustrated graphically in Figures 2.3 
and 2.4, where the 56 coannular jet test points are indicated by the 
circles - the full circles representing series 1, 2 and 3 with fan stream 
pressure ratio of 3.0, and the open circles representing series 4 with 
Ptf/Pa = 4.3. The total experimental program spans a wide range of fully- 
expanded fanrto-primary velocity ratios (Vf/Vp) from 0.55 to 4.27. The 
fully-expanded equivalent jet velocity varies from approximately 380 to 650 
m/s. Within each series, the test point at which the primary stream 
pressure ratio becomes critical (i.e. ptp/pa = 1.9) is shown by the dashed 
lines in both figures. At these conditions, 
1.47, 2.08 and 2.35 for series 2, series 3, 

the values of Vf/Vp are 0.77, 
series 1 and series 4 tests, 

respectively. Hence, in this experimental program, if the current postu- 
lations regarding the maximum reductions in the shock noise component are 
val id, then we can expect to see large reductions in coannular jet noise 
levels (relative to the equivalent single jet noise levels) at these 
four velocity ratios. 

In the next section, se will see if this is indeed true. 
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(ALL DIMENSIONS IN CENTIMETERS) 

Dp=4.996 

0.127 
4 

Figure 2.1 Coannular nozzle configuration. 
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CALCULATE EQUIVALENT JET 
MASS FLOW RATE (me,) 
AND THRUST (Feq) 1 
DETERMINE IF EQUIVALENT JET IS 1 

1 UNDER-EXPANDED OR FULLY-EXPANDED 1 

CALCULATE EQUIVALENT JET 
PRESSURE RATIO (pteq/pa) 
AND TOTAL TEMPERATURE (Tteq) 

I 

CALCULATE FULLY-EXPANDED JET 
VELOCITY (Veg) FOR EQUIVALENT JET 

Figure 2.2 Procedure to calculate equivalent single jet operating 
conditions using coannular jet operating conditions. 
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Ttf ( Ttf ( 

2- 2- 

SERIES SERIES 2 2 SERIES SERIES 3 3 SERIES SERIES 
1 1 I I t t I I L L I I I I L L I I 1 1 I I I I I I I I I I I I I I I I I I 

0 0 1 1 2 2 3 3 

FULLY-EXPANDED VELOCITY RATIO V#Jp FULLY-EXPANDED VELOCITY RATIO Vf/Vp 

Figure 2.3 Experimental program chart showing coannular jet operating conditions. 
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SERIES 3 
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SERIES 2 

1 2 3 

FULLY-EXPANDED VELOCITY RATIO V&, 

Figure 2.4 Values of equivalent single jet velocity (Veq) in the experimental program. 



Table 2.2 Test conditions for Series 1. 

EQUIVALENT 

TP TEST POINT 



Table 2.3 Test conditions for Series 2. 

EOUIVALEdT 

EQUIVALENT 

TP TEST POINT 



Table 2.4 Test conditions for Series 3. 

TP TEST POINT 



._.. ._. .-- 

Table 2.5 Test conditions for Series 4. 

I I 1 PI/PA DEG K KG/S 1 VF/VP 
I I I 

I 43 
PRIMARY I 1.200 330.0 0.4121 72.1 174.9 
FAN 4.300 ac0.o 0.0734 636.6 746.4 4.27 
iGbIVALEnT 1.450 671.8 1,2855 703.7 554.4 I I 

44 

45 

46 

PRIF'ARY 1,400 300.0 0.5786 130.0 235.1 
FAN 4.300 000.0 0.6734 636.6 746.4 3.17 
EQUIVALkNT 2.600 592.9 1.4520 772.6 535.3 

PRIMARY 1,600 3oo.u 0.7036 193.7 275.3 
FAIv 4.300 (100.0 0.8734 636.6 746.4 2.71 
EQCLVALENT 2.735 556.3 1.5770 830.3 530.1 
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Pr7IMARY 2.400 300.0 1.0777 393.3 365.4 
FAN 4.300 800.0 0.8734 636.6 746.4 2.04 
EQUIVALtNT 3.203 498.4 1.9511 1029.9 533.8 

PRIMARY 2,700 300.0 1.2124 466.5 366.1 
P A N 4.300 6OO.U 0.8734 636.6 746.4 l.Y3 
EQUIVALENT 3,375 404.1 2.0658 1103.1 535.Y 

I 54 
~~~ ~~ 

3,100 300.0 1.3921 564.1 
4.300 600.0 0.8734 636.6 

EQUIVALENT 3.604 467.9 2.2655 1200.1 

I 55 
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3.833 454.3 2.4451 1298.4 

PRIMARY 4,30(1 3GO.O 1.7962 763.8 444.3 
56 FAN EQUIVALENT 4.300 4.119 boo.0 0.8734 1420.5 636.6 746.4 1.68 

440.2 2.6696 543.6 
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3, MEASURED RESLILTS 

The results from the acoustic experiments conducted in this program are 
presented in this section in sufficient detail to show the major features of 
shock associated noise and its reduction in inverted-velocity-profile 
coannular jets. The data are plotted and discussed to cover three specific 
aspects: (1) the variation of coannular jet noise levels with primary stream 
Mach number, (2) the comparison of noise characteristics of coannular jets 
and equivalent single jets on an absolute basis, and (3) the differences in 
noise levels between the coannular jet and the equivalent single jet (on a 
relative basis) to quantify the noise reductions. In addition to the results 
presented in this section, a comprehensive set of sound pressure level data 
in the form of one-third octave band spectra is given in Appendix 1 of this 
report. 

3.1 OVERALL SOUND PRESSURE LEVEL RESULTS 

The overall sound pressure levels as a function of observer angle 8 
(relative to the jet exhaust) are plotted in Figure 3.1 for five values of 
the primary stream Mach number (Mp) to cover the entire range of coannular 
jet operating conditions within test series 1. 
are subsonic, 

The two lowest values of Mp 
the third value (Mp=1.05) is slightly supersonic, and the 

remaining two values of Mp are supersonic. Al so shown in the same figure are 
the corresponding overall sound pressure levels for the equivalent single 
jet. These are indicated by the square symbols. For both types of jets 
( i .e., coannular jet and equivalent single jet) operated at supersonic con- 
ditions, the noise radiated at small angles to the jet exhaust is normally 
dominated by the turbulent jet mixing noise component, while the noise 
radiated at large angles is primarily controlled by the shock noise com- 
ponent . Since the main objective in this program is to study the reduction 
of shock associated noise in inverted-velocity-profile coannular jets, we 
will restrict the discussion that follows mainly to the OASPL results in the 
forward arc of the jet. 

Figure 3.1 shows that at the lowest primary stream Mach number, M =0.52, 
the coannular jet is much noisier than the equivalent single jet in t rl e 
forward arc. This is because the shock associated noise from the fan stream 
of the coannular jet is very high. As the value of Mp is increased to 1.05, 
a dramatic reversal in trend occurs, and the coannular jet is now much 
quieter than the equivalent single jet in the forward arc. Finally, as the 
primary flow becomes more and more supersonic, the shock structure in this 
stream gains strength, and the resulting shock associated noise becomes 
more and more important. The net result is that in this test series, even 
though the coannular jet at Mp =1.38 is still quieter than the equivalent 
single jet in the forward arc, the effective noise reduction is not as large 
as that in the Mp= 1.05 case. That is, it appears that the reduction in 
shock associated noise from the coannular jet is maximum when the primary 
stream is operated at a Mach number just above unity. This observation will 
be reinforced further when we will present the results in a different form 
as well as when we will examine the detailed spectral results. 
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So far we have discussed the variation of OASPL results with 8 and Mp for 
test series 1. For completeness, the corresponding results obtained from 
test series 2, 3 and 4 are presented in the same fashion in Figures 3.2, 3.3, 
and 3.4, respectively. An examination of these figures reveals that even 
though minor variations exist in the results, the overall features discussed 
above are evident in all cases. On the whole, a coannular jet, which is 
approximately 8 - 10 dB noisier than the equivalent single jet in the forward 
arc when the primary stream is subsonic, becomes approximately 3 - 7 dB quieter 
when the primary stream becomes slightly supersonic. The exact noise benefit 
varies from one test series to another, and it is governed by the basic jet 
mixing noise component of the coannular jet at the optimum condition, whose 
level undoubtedly varies from one test series to another. We will return to 
this point later. 

To make the above observations clearer, the overall sound pressure level 
results for all four test series are cross-plotted in Figures 3.5 through 
3.8. Here, the results at 8=120° only are considered (where shock noise 
dominates), and the OASPL values of the coannular jet (circles) and the 
equivalent single jet (squares) are compared as a function of the primary 
stream Mach number, M . Each of these four figures reveal two important 
features. First, whe[ the variation of coannular jet noise levels with Mp is 
examined on its own, it is absolutely clear that the noise level reaches a 
minimum within each test series, and this “optimum” condition is obtained 
when the primary stream Mach number becomes slightly greater than one. The 
second feature arises when the coannular jet noise levels are compared with 
the corresponding equivalent single jet noise levels. Here, as observed 
earlier in the directivity plots (Figures 3.1 through 3.4), it is quite clear 
that within each test series, the coannular jet, which starts off by being 
noisier than the equivalent single jet when Mp is in the low subsonic range, 
becomes quieter as Mp is increased, especially when Mp is supersonic. Further- 
more, as before, the maximum noise reduction appears to occur when the primary 
stream Mach number is just slightly supersonic. 

Finally, the reduction of shock associated noise from coannular jets can 
be examined even more explicitly by plotting the differences in overall 
sound pressure levels, AOASPL, between the coannular jet and the equivalent 
single jet. These results are shown in Figures 3.9 through 3.12 for test 
series 1 through 4, respectively. Once again, the noise benefit is examined 
as a function of the primary stream Mach number, Mp. However, in these four 
figures, the results at 0=90° are also included together with the results at 
8=120° which we have been concentrating on so far. The figures really speak 
for themselves. Noting that the coannular jet is quieter than the equivalent 
single jet when AOASPL is negative, and vice versa, each one of these four 
figures shows that at both 0=90° and 0=120’, the noise reduction is maximum 
when the primary stream is operated just above the critical pressure ratio 
( i .e., when Mp is greater than approximately 1.0). The maximum noise 
reduction at 8 = go0 is slightly lower than the maximum noise reduction at 
e=1200. As mentioned earlier, since this is governed by the basic level of 
the jet mixing noise component of the coannular jet at the “optimum” or 
“minimum noise” condition, the results are simply telling us that the jet 
mixing noise level at e=goo is higher than the jet mixing noise level at 
e=1200. This is entirely consistent with the existing knowledge of shock- 
free coannular jet noise, in particular the variation of jet mixing noise 
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level with observer angle 8. 

This last aspect is very important from the standpoint of practical 
application of the results of these experiments. There is no doubt that the 
shock associated noise from a coannular jet is virtually eliminated when the 
primary jet is operated at a slightly supersonic Mach number. However, the 
maximum noise reduction at this “optimum” condition varies from one test 
series to another, it being the highest for test series 2 and the lowest for 
test series 3 in the present experiments. This implies that at the “optimum” 
condition, the noise level of the coannular jet is governed or set by the 
residual jet mixing noise. Therefore, in order to obtain the maximum noise 
reduction relative to the equivalent single jet, the basic jet mixing noise 
at the optimum condition of the coannular jet must also be reduced relative 
to the jet mixing noise level of the equivalent single jet. In principle, 
this can be achieved by a judicious selection of the engine cycle for a 
particular appl icat ion. That is, to obtain the maximum noise reduction from 
an inverted-velocity-profile coannular jet relative to the equivalent single 
jet, two criteria must be kept in mind. First, the pressure ratio of the 
primary flow must be kept slightly greater than the critical value to 
eliminate (or at least minimize) the shock associated noise, and second, the 
combination of fan nozzle pressure ratio and primary and fan flow total 
temperatures must be selected carefully to minimize the jet mixing noise 
component . 

Another important finding which emerges from these results, and which 
must not be overlooked, is that in test series 2, even though the coannular 
jet is operated at normal-velocity-profile conditions (i.e., with fan-to- 
primary velocity ratio Vf/Vp < 1 - see Table 2.3)) large reductions in noise 
are still obtained. In fact, in the present experiments, the reductions in 
the OASPLs are the largest for test series 2. Hence, it is apparent that a 
coannular jet need not be necessarily operated at inverted-velocity-profile 
conditions to reduce the shock associated noise component. Provided that 
the coannular jet is operated with the primary stream slightly supersonic, 
the shock associated noise is virtually eliminated (or at least minimized) 
regardless of whether the velocity ratio Vf/Vp is less than or greater than 
unity. 

So far we have discussed the OASPL results only in the forward arc of the 

jet, which is of primary interest as far as the objective of this program is 
concerned. However, to verify that the results from these experiments are 
consistent with past observations on jet mixing noise from coannular jets, it 
is worthwhile to at least look at some results in the rear arc where the 
noise is dominated by the jet mixing noise component. Figures 3.13 and 3.14 
show the variation of AOASPL with primary stream Mach number (M ) at 8= 30° 
for test series 1 and 2. In both the figures, the values of ve ocity e ratio 
Vf/Vp are also indicated. In Figure 3.13, the coannular jet is operated at 
inverted-velocity-profile conditions, and the noise reductions at O=30° 
are essentially due to the reduction in the jet mixing noise relative to that 
of the equivalent single jet. In contrast, the coannular jet is operated at 
normal-velocity-profile conditions in Figure 3.14. As a result, the jet 
mixing noise levels at 8=30° are Sigher than those for the equivalent single 
jet. These findings are entirely in agreement with the results of previous 
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ibed in itions, as descr studies on coannular jet noise under shock-free cond 

Reference 6. 

3.2 ONE-THIRD OCTAVE BAND SPL SPECTRA 

In the preceding subsection dealing with overall sound pressure level 
results, it was assumed throughout that the noise levels in the forward arc 
of the jet are dominated by shock associated noise, and therefore, the 
reductions in OASPLs in the forward arc reflect the reductions in-shock 
associated no i se. We can now proceed to substantiate this general assumption 
by presenting detailed spectral results for the sound pressure. 

Figures 3 
coannular jet 

15 through 3.18 show the comparison between SPL spectra of the 
and the equivalent single jet at 9=120° for the four series 

of experiments. Within each test series, five values of the primary stream 
Mach number (Mp) are chosen to be consistent with the OASPL comparisons 
presented earl ier in Figures 3.1 through 3.4. In general, as is usually 
the case, the low frequency parts of the spectra are smoothly varying, which 
is a well-established characteristic of the jet mixing noise component. On 
the other hand, the middle and high frequency parts of the spectra display 
the peaky shapes associated with the shock associated noise component, 
except, of course, when the shock noise is eliminated or is not dominant. 

On the whole, the low frequency noise levels from the coannular jet are 
about the same as the corresponding low frequency noise levels from the 
equivalent single jet. Hence, it can be concluded that in the forward arc 
the jet mixing noise levels for the coannular jet and the equivalent single 
jet are roughly the same. It is the difference in noise levels at the high 
frequencies, however, that is of major interest in the present work. In this 
regard , each of the four figures essentially displays a similar trend, which 
is as follows. At the lowest value of Mp, the shock noise from the coannular 
jet is much higher than the equivalent single jet noise level. This shock 
noise is generated in the fan stream of the coannular jet since the primary 
stream is subsonic, and hence shock-free. As Mp is increased, the shock 
noise in the equivalent single jet increases in level, while the shock noise 
in the coannular jet decreases. At Mp=1.05, there is little indication of 
any shock noise in the coannular jet (exept in Figure 3.18), and the entire 
spectrum is broad and smooth. This is the so-called “optimum” condition, 
where the coannular jet gives the maximum noise reduction relative to the 
equivalent single jet. 
in the supersonic range, 

Beyond this optimum condition, when Mp is increased 
a shock associated noise peak in the coannular jet 

noise spectrum reappears. However, the shock associated noise in this 
regime is generated by the supersonic primary stream, and its strength in- 
creases as the Mach number Mp increases. At the highest value of Mp in each 
figure, the shock noise from the coannular jet is almost the same as the 
shock noise from the equivalent single jet. 

To emphasize the elimination or reduction of shock associated noise in 
a coannular jet at the optimum condition even further, the SPL spectra at 
0=120° from all the test points are presented in Figures 3.19 through 
3.22. The four figures refer to the four series of experiments. Within 
each test series, the results at all values of the primary stream Mach 
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number (Mp) , covering a wide range from 0.52 to 1.56, are included for 
completeness. As each figure is glanced over from top to bottom, it becomes 
absolutely clear that the shock associated noise from the coannular jet is 
eliminated (or at least minimized) when the primary flow Mach number is 
slightly greater than one. The spectrum at this condition is indicated by 
the thicker line in each figure. On either side of this minimum noise 
condition, shock associated noise is clearly present. For Mp21, it is 
generated in the fan stream of the coannular jet, while for Mp>l, it is 
generated in the supersonic primary stream of the coannular jet. 

Finally, to conclude this presentation of the spectral results, it is 
worthwhile to touch upon the jet mixing noise aspect, just as it was done in 
the case of the OASPL results. Figures 3.23 and 3.24 show the comparison of 
SPL spectra from the coannular jet and the equivalent single jet at 8=30”, 
where the jet mixing noise predominates. 

In Figure 3.23, the fan-to-primary velocity ratio (l/f/VP) is 2.27. At 
this inverted-profile condition, the coannular jet exhibits a double-peaked 
spectrum shape, where the second peak is the result of the turbulent mixing 
noise generated in the outer or fan stream shear layer. The comparison 
with the equivalent single jet noise spectrum is qualitatively identical to 
similar comparisons seen in the previous studies (for example, ref. 6). 
That is, the coannular jet is quieter than the equivalent single jet at middle 
frequencies and noisier at the high frequencies. The physical reasons for 
these effects have also been fully understood in the previous contract study 
(ref. 41. 

In contrast, the comparison shown in Figure 3.24 refers to a case where 
the coannular jet is operated at normal-velocity-profile conditions, the 
value of Vf/Vp being 0.81. In this case, the coannular jet is no longer 
quieter than the equivalent single jet in the middle frequency range. Again, 
this is entirely consistent with previous observations (ref. 6) on the 
noise characteristics of uninverted- or normal-velocity-profile coannular jets 
under shock-free conditions. 

3.3 OVERALL SOUND POWER LEVEL RESULTS 

The polar sound pressure level results (lossless data) obtained from the 
present experiments were used to compute the corresponding sound power 
levels for all test points, using conventional procedures. The overall sound 
power levels (OAPWL) for- all coannular jet and equivalent single jet test 
conditions were calculated by adding the one-third octave band sound power 
level 5. 

The results from the entire test program are presented on a relative basis 
in Figure 3.25,where the values of AOAPWL (defined as OAPWL for the coannular 
jet minus OAPWL for the equivalent single jet) for each test series are 
plotted against the fan-to-primary velocity ratio, Vf/Vp. The figure is a 
remarkable demonstration of the “minimum noise condition” in coannular jets. 
For each test series, a condition exists at which the acoustic energy radiated 
by the coannular jet, compared to that radiated from the equivalent single jet 
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(at ident ical thrust, mass flow rate and exit area), attains a minimum value. 
Also shown in Figure 3.25 are vertical arrows which indicate the values of 
Vf/Vp for each test series 
imately 1 .O. 

where the primary stream Mach number Mp is approx- 
These values of Vf/Vp agree remarkably well with the minimum 

points in the AOAPWL curves. Therefore, it can be concluded that the re- 
duction in the total acoustic power of a coannular jet due to the elimination 
(or reduction) of the shock associated noise component is maximum when the 
primary flow is slightly supersonic. Furthermore, unlike the reduction of 
jet mixing noise froma coannular jet, which occurs only at inverted-velocity- 
profile conditions, velocity ratio (Vf/Vp) is not an important parameter in 
the elimination or reduction of shock associated noise from a coannular jet. 
The shock associated noise reduction can be achieved at normal- as well as 
inverted-velocity-profile conditions, provided Mp is maintained greater than 
approximately 1.0. 

3.4 PERCEIVED NOISE LEVEL RESULTS 

The model-scale acoustic data presented above were finally transformed to 
typical full-scale conditions using standard scaling procedures for jet 
noise. A scale factor of twenty was used for this purpose, and this resulted 
into an equivalent nozzle diameter of 1.32 meters for the larger-scale con- 
figurat ion. The lossless larger-scale data were then subjected to atmospheric 
attenuation corrections for standard FAA day (25’ C, 70% relative humidity), 
and static perceived noise levels (PNL’s) in PNdB were calculated for several 
sideline distances including 305 m (1000 ft) and 649 m (2128 ft). 

As in the case of the overall sound power level results, the (static) 
peak PNL values for the coannular jet and the equivalent single jet were 
used to calculate the difference between the two (called APEAK PNL) at all 
test conditions. The variation of APEAK PNL with fan-to-primary velocity 
ratio (Vf/Vp) for each test series is shown in Figures 3.26 and 3.27 for the 
two sideline distances of 305 m and 649 m, respectively. The results are 
quite similar to the AOAPWL plot of Figure 3.25, and hence, the same obser- 
vations and conclusions made earlier in Section 3.3 apply here as well. 
Briefly speaking, at both sideline distances considered here, the (static) 
peak PNL’s from the coannular jet, relative to the peak PNL’s of the equiva- 
lent single jet, reach a minimum value when the primary stream of the co- 
annular jet is operated just above Mp= 1. This minimum noise condition is 
a direct result of the reduction (or elimination) of shock associated noise 
from coannular jets, and depending upon the test series, it occurs at 
inverted- as well as normal-velocity-profile conditions. 
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Figure 3.5 Comparison of noise levels from coannular jet and 
equivalent single jet: Test Series 1; 8=120°. 
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Figure 3.6 Comparison of noise leve!s from coannular jet and 
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Figure 3.9 Variation of AOASPL with Mp: Test Series 1. 
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4, MINIMUM SHOCK ASSOCIATED NOISE CONDITION 

So far in this report, experimental results on coannular jet noise have 
been presented which show that for a fixed supersonic fan stream Mach number, 
the shock associated noise drops suddenly to a minimum as the reservoir 
pressure of the primary jet increases. When this happens, the almost periodic 
shock cell structure of the fan stream is found to nearly completely disappear. 
In the present section, an analytical model of this phenomenon is constructed 
and studied. It is theoretically established that this sudden change in the 
shock structure and hence the decrease in shock associated noise would occur 
when the primary jet flow is just slightly supersonic regardless of the Mach 
number and temperature of the fan stream. 

4.1 INTRODUCTION 

In recent years it is generally recognized that shock associated noise 
is an important noise component of imperfectly expanded supersonic jets. This 
noise component possesses certain special characteristics which make it 
distinctly different from jet mixing noise. Experimentally, shock associated 
noise has been found to be fairly omnidirectional. It can, therefore, be 
easily observable in the forward arc where jet mixing noise is less pre- 
dominant. Although shock associated noise is broadband in nature, it’s band- 
width is relatively narrow in comparison with jet mixing noise. Within its 
somewhat narrow bandwidth the spectrum is dominated by a characteristic peak. 
It is quite well established that in the case of a single imperfectly expanded 
supersonic jet (refs. 7, 8 and 9) the frequency of this spectral peak bears 
a simple relationship to the direction of radiation. This simple relationship 
led to the recognition that the sources of shock associated noise could be 
spatially coherent over several shock cells. Presently, we believe that shock 
associated noise is generated by the weak interaction between the downstream 
propagating large scale turbulent structures in the mixing layer of the jet 
and the periodic shock cell system. The noise is a form of Mach wave radiation 
produced by the supersonic phase components of the coherent shock-turbulence 
interaction. It is important to emphasize here that the periodicity of the 
shock cells is crucial to the generation of these supersonic phase components. 
If the periodicity of the shock cell structure is destroyed then constructive 
interference of the noise sources would be prevented. This, in turn, will 
result in the elimination of the supersonic source components and hence the 
observed shock associated noise. 
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The flow field and shock structure of an inverted-profile jet could be 
very complicated depending on the geometry of the nozzle exit and the primary 
nozzle lip thickness. To avoid having to consider this complex flow field 
which is highly sensitive to the particular nozzle design, this investigation 
will be confined to inverted-profile coannular jets with nozzle exit velocity 
aligned in the directi,on of the jet axis. Further, the primary nozzle lip 
is to be very thin compared to the thickness of the fan stream or the primary 
jet radius. Figure 2.1 shows the configuration of the coannular nozzle used 
throughout the experimental program of this study. To obtain an understanding 
of the shock structure in an inverted-profile coannular jet, extensive 
Schlieren observations were made. 
(ref. 4). 

These results hsve previously been reported 
Three series of optical measurements were conducted. In each 

test series the fan (or outer) stream pressure ratio (Sf), the fan stream, 
total temperature (Ttf) , 
kept constant. 

and the primary stream total temperature (Ttp) were 

extensive range. 
The primary stream pressure ratio (Ep) was varied over an 

Figure 1.1 illustrates the change in the shock structure as 
the primary flow Mach number increases. At subsonic primary flow Mach number, 
a repetitive shock cell system exists in the outer fan stream. As the Mach 
number increases there is a gradual increase in the length of the shock cells 
until the primary flow becomes supersonic. At a slightly supersonic Mach 
number an abrupt change takes place, resulting in the more or less complete 
disappearance of the shock cells in the fan stream. Further increase in the 
primary flow Mach number gives rise to the development of a new shock system 
print 
seems 

assoc 
shock 

ially in the primary stream. The strength of this new shock structure 
to increase with further increase in the primary stream pressure ratio. 

The optical observations described above clearly indicate that the shock 
ated noise of an inverted-profile coannular jet can be generated by 
turbulence interaction with the shock cells either in the fan stream or 

in the primary stream, depending on the primary flow Mach number. Since the 
shock structures are very different in these two cases, the shock associated 
noise characteristics will, therefore, be very different. The experimentally 
observed noise characteristics and the theoretical development of formulae 
for peak frequency and intensity scaling will be reported in Section 5 of this 
report. When the primary flow is just slightly supersonic, the Schlieren 
pictures reveal that the periodic shock structure is the weakest. Thus, as 
shown in Section 3, the shock associated noise of an inverted-profile jet 
attains a minimum at this operating condition. The objectives of this section 
are to provide a theoretical basis for this phenomenon and to demonstrate 
using experimental results that the shock associated noise, indeed, is a minimum 
at this condition. It will be shown that this is true regardless of the fan 
stream Mach number, temperature and al 1 other operating parameters. The 
extent of noise reduction by operating a jet at this minimum shock associated 
noise condition will be briefly investigated. Relationship between the pre- 
sent results and other works on this phenomenon using more complicated nozzle 
geometry will be discussed at the end of this section. 
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4.2 CONDITION FOR MINIMUM SHOCK ASSOCIATED NOISE 

We will now investigate the conditions under which the periodic shock 
structure in the outer fan stream would disappear. For this purpose we will 
assume that the thickness of the fan stream is small compared with the radius 
of the primary jet so that the flow in the fan stream can effectively be 
considered two-dimensional as shown in Figure 4.1(a). To simplify the model, 
the flow in the fan and primary streams will be regarded as uniform, separated 
and bounded by vortex sheets. In order that periodic shock cells can exist 
in the fan stream, the flow there must be supersonic. However, the flow in 
the primary stream can be either subsonic or supersonic. These two cases will 
be analyzed separately below. Now the question of whether periodic shock cells 
would disappear in the fan stream is the same mathematically as under what 
condition can the fan stream support a solution of the governing equations of 
motion which is periodic in the mean flow direction. If no such solution is 
possible then periodic shock cells would unlikely be found. In other words 
the present problem is one involving the search for possible eigenfunctions 
which are periodic in the flow direction. Here, we will first formulate and 
then solve this eigenvalue problem. In the next subsection, the predicted 
results of the solution will be compared with experimental results. 

4.2.1 Subsonic Primary Flow (MP < 1) 

Let Mf and M denote the flow Mach numbers of the fan and the primary 
streams, respectively, as shown in Figure 4.1(a). The thickness of the fan 
stream will be taken to be d. We will first consider the possible existence 
of a weak shock system in the fan stream in the case Mf>l and Mp<l. Such a 
shock structure can to a first approximation be represented by a linear 
solution of the equations of motion. The equations of motion are the time 
independent continuity, momentum and energy equations. We will use (u,v) to 
denote the velocity components associated with the periodic shock cell solution 
in the x and y directions, and p and p to denote the corresponding change in 
pressure and density. To avoid confusion, subscripts f and p will be used 
to designate physical quantities which are in the fan and the primary stream, 
respectively. The formation of a periodic shock structure will inevitably 
cause a periodic displacement of the top and bottom vortex sheets bounding 
the fan stream. These displacements will be denoted by S(X) and n(x) as 
indicated in Figure 4.1(b). 

The linearized governing equations are: 

O<yld: 

Pf 
apf 

v* 3, + iif ax = 0 (4-l 1 

p ; 
aCf 

f f ax 
- = -vpf (b-2) 
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pf = if2 Pf (4-3) 

y < 0: 

i; vgGp+i apP 

P P 
y$-y =o 

p ii 
aZp 
- = 

P P ax 
-VP 

P 

- 2 
Pp = ap Pp 

(4-4) 

(4-5) 

(b-6) 

where the mean flow quantities are indicated by a bar and a and a are the 
speeds of sound in the fan and the primary stream. The bouf;dary cgnditions at 
y = 0 and y = d are the continuity of pressure and vortex sheet displacements, 
name1 y, 

at y = 0: Pp = Pf (4-7) 

- an -Z” 
‘f ax f 

- an 
up ax = vp 

(b-8) 

(4-Y) 

at y = d: Pf = 0 (4-10) 

In addition, far away from the fan stream it is expected that,the disturbances 
associated with the shock structure be bounded. Thus 

Y + - co, solution must be bounded. (4-11) 

By eliminating all the other variables in favor of pressure p, the above 
problem can be greatly simplified mathematically to 

0 < y 2 d: 

a2Pf a2Pf 
- - (Mf2 - 1) - = 0 

aY2 ax2 
(4-12) 
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y < 0: 

at y = 0: 

at y = 

In der 
i+ if2 
period 

QPp a2pp 
-- + (1 - Mp2) -= 0 

aY2 a& 

Pf = Pp 

1 apf 1 aPP -- 

Mf2 
ay =- 

MP2 
ay 

d: 

Y + - co: 

Pf = 0 

pP 
is bounded 

(4-15) the condition of static pressure balance 
has been used. Without loss of generality we will 

(4-12) to (4-17) in the form 

p f oh y) = Re [pf (y) eikxl 

1 

(4-13) 

(4-14) 

(4-15) 

(4-16) 

(4-17) 

i. e., 
iook for 

(4-18) 

pp (x, y) = Re [bp (Y) eikxl I 

where R, [ 1 denotes “the real part of.” In (4-18) k is as yet an unknown 
constant to be determined later. Substitution of (4-18) into equations (4-12) 
to (4-16) leads to the following eigenvalue problem. 

d2 6 
- + k2 (Mf2 - 1) r; = 0 

dy2 
f (4-19) 
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y < 0: 

d2bp 
- k2 (1 

dY 2 
- Mp2) ip = 0 

at y = 0: 

,. ,. 

PP = Pf 

1 di+ , dcp 
- -=- - 

Mf2 
d y 

MP2 
d y 

at y = d: 

A 

Pf = 0 

The solution of (4-19) which sat isfies (’ 4-23) is 

(4-20) 

(4-21) 

(4-22) 

(4-23) 

(4-24) Pf = A sin (k J Mf2 - 1 (d - y) ). 

The solution of (4-20) which is bounded as y + - ~0 is 

,. 
Pp = B exp (k T’y) ; Re (k) > 00 (4-25) 

Straightforward substitution of (4-24) and (4-25) into (4-21) and (4-22) 
yields two linear homogeneous algebraic equations for A and B. The condition 
for non-trivial solution gives the following ei 

tan ( m kd) = - g 

Mf2 

genvalue equation 

/ 

Mf2 - 1 
. 

1 - Mp2 
(4-26) 
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There are infinitely many soluti ons to (4-26). They are 

k, = 
1 

(2n - 

wd 

1) ~ - tan-’ [ 5 /?I} 

P 

(4-27) 

where n = 1, 2, 3, . . . . . . . 

Corresponding to each value of k in (4-27) is a distinct eigenfunction of a 
form given by (4-24) and (4-25). The significance of these eigenfunctionsis 
that any periodic solution in the fan stream can be constructed by using a 
linear combination of them. Thus we may conclude that if the flow in the 
primary stream is subsonic, it is possible to havea periodic shock cell struc- 
ture in the fan stream. The length of the shock ccl Is, L, is equal to the 
longest wave length of the eigenfunctions, that is, 

This result will be compared with experimental results later. 

4.2.2 Supersoni c Primary Flow (MP > 1) 

When the primary flow is supersonic, i.e. M, > 1, equations (4-19) to 

2lT -= 

kid 
(4-28) 

(4-23) are still val id. The solution of (4-19) wh’ich satisfies (4-23) is still 
given by (4-24). However the solution of (4-20) which is bounded and satisfies 
the outgoing wave condition is 

Fp = D exp [ik JMp2 - 1 yl; Im(k) < 0. N-29) 

By substitution of (4-24) and (b-29) into boundary conditions (4-21) and (4-22) 
one finds that the eigenvalue equation for k is 

tan ( q kd) = i 
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The roots of (4-30) are either purely imaginary or complex. There is no real 
value of k which satisfies this equation. When k is complex or purely 
imaginary, solution (4-18) will decay exponentially in the flow direction. 
Therefore, in this case spatially periodic solutions are not possible. In 
other words, when the primary stream is supersonic, periodic shock cells can- 
not be maintained in the fan stream. 

4.2.3 A Physical Explanation 

The simple model described above indicates clearly that a drastic 
change in the fan stream shock cell structure would take place when the pri- 
mary stream increases its velocity from subsonic to supersonic. Physically, 
this abrupt change in the shock cell system arises principally because a 
subsonic flow cannot transmit flow discontinuities such as shocks and expansion 
fans but a supersonic flow can. When the primary flow is subsonic, an incident 
oblique shock in the supersonic fan stream is reflected as an expansion fan 
with pressure jump across the fan and the shock being equal as illustrated 
in Figure 4.2. The expansion fan propagates upward. Upon reflection from the 
upper shear layer another shock wave of the same strength is formed. This 
process is repated over and over again spatially. In this way a periodic 
shock cell structure is formed. On the other hand, if the primary stream is 
supersonic, it can sustain flow discontinuities. In this case an incident 
shock wave will be partly transmitted. The reflected expansion wave thus would 
have a much smaller pressure jump across it than that across the incident 
shock. This is shown schematically in Figure 4.3. Therefore, after one or 
two reflections the shock becomes one of negligible strength. Because of this 
a shock cell pattern of longer than one or two periods cannot be maintained. 
In the case of coaxial jets, the primary jet is of finite radius. As a result 
the transmitted waves will be reflected by the outer boundary of the jet on 
the opposite side. But unless an extremely unusual situation occurs these 
reflected waves will not fit the periodicity of the original trapped waves in 
the fan stream (because of the difference in the radii of the coaxial streams). 
Thus the amplitude of the periodic shock cells in the fan stream, again, must 
decay in the axial direction just as depicted by the simple model above. 

In summary, we see that when the primary flow stream Mach number is 
slightly supersonic no periodic shock cell pattern can form in the outer fan 
stream. Also, at just slightly supersonic Mach number, the shock cell 
structure of the primary stream is extremely weak. Thus under this condition 
the coherent interaction between turbulence. in the mixing layers of the jet 
and the shock cell structure is most ineffective. As a result the corres- 
ponding shock associated noise must be the least intense, as has been shown in 
Section 3. 

4.3 COMPARISON WITH SCHLIEREN OBSERVATIONS 

The mathematical model of the periodic shock cell structure in the fan 
stream developed in section 4.2 predicts the length of the shock cells as given 
by equation (4-28). This theoretical result will now be compared with the 
Schlieren observations of reference 4. The optical measurements were conducted 
at three series of test conditions. In each series, the primary stream total 
temperature (Ttp) , the fan stream total temperature (Ttf) and the fan stream 
pressure ratio (Sf) were kept constant, and the primary stream pressure ratio 
(C,) was varied over an extensive range. The values of these parameters in the 
three test series are shown in Table 4.1. 
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Table 4.1 Coannular jet test conditions in the optical 
measurements (ref. 4) 

? 
Ttp (K) T,f (K) Ef <P 

Series 1 294 728 2.93 1.00 + 4.49 

Series 2 728 294 2.93 1.00 + 3.48 

Series 3 728 978 2.37 1.00 + 3.53 

In series 1, the fan flow is heated while the primary flow is unheated. In 
series 2, it is the other way around. In series 3, both streams are heated. 

The values of L/d for all the test points with subsonic primary flow 
were measured from the Schlieren photographs given in reference 4. The sample 
photographs shown earlier in Figure 1.1 refer to test series 2. The measured 
values of L/d as a function of M are plotted in Figures 4.4 and 4.5. The 
theoretical curves of equation ( o- 28) are also shown. As can be seen there 
is a very favorable agreement between the calculated and the measured results. 
Considering the simplicity of the mathematical model, the degree of agreement 
obtained must be regarded as quite impressive. Here the good agreement 
found not only provides strong support for the validity of the model pre- 
sented, but also suggests that a linear shock structure model does offer a 
reasonable first estimate of the crucial features of a shock system. Of 
course, one would expect more accurate agreement using an annular model 
to derive the shock cell spacing. In section 5, a linear shock cell model 
wi 11, therefore, again be used in our discussion of the characteristics of 
shock associated noise of inverted-profile coannular jets. 

4.4 DISCUSSION 

Prior to the work of Tanna et al (ref. 4), Dosanj h and his coworkers 
(ref. 10) at the Syracuse University had conducted optical studies of cold 
inverted-profile coaxial jets for several years. They reported the observation 

of the phenomenon of ‘sudden’ disappearance of the shock structure in the fan 
stream and the accompanied reduction in jet noise. They attributed the occur- 
ence of this phenomenon to the formation of a complex shock structure slightly 
downstream of the nozzle exit. However, exactly why such a shock structure 
would form and in what way this structure eliminated the repetitive shock 
pattern were not elaborated. A closer examination of their work reveals that 
there are, at least, two major differences between their results and the 
present findings. First of all, to obtain the minimum noise condition using 
their nozzle configuration, the pressure ratio of the primary stream, E,, must 
be set at a specific value which depends on the pressure ratio of the fan 
stream, Sf, whereas in the present experiments the optimum condition is simply 
sp 2 1.9. Secondly, in the present investigation, the noise reduction is 
brought about mainly by the elimination of shock associated noise. Thus the 
observed noise reduction is effective only in the high frequency part of the 
noise spectrum and in the forward arc region. The measurements of Dosanjh 
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et al., on the other hand, indicate a uniform noise reduction across a very 
broad frequency band and in nearly all directions. These distinct differences 
clearly imply that the minimum noise condition of their jet was achieved by a 
reduction not only in shock associated noise but in jet mixing noise as well. 

What causes these profound differences? We be1 ieve that the basic 
reason lies in the nozzle geometry. Unlike our nozzle configuration, Dosanjh 
et al used an unusually thick lip primary nozzle (the thickness of the lip was 
larger than the thickness of the fan stream). In addition, at their nozzle 
exit the flow was not aligned in the direction of the jet axis. Instead the 
fan stream impinged radially on the primary stream. This caused the develop- 
ment of an extremely complex flow field and shock structure. The radial 
impingement arrangement inevitably greatly increased violent turbulent mixing 
and thus the basic jet noise. We speculate that under the optimum operating 
condition of their jet, the inner and outer streams were able to mix some- 
what more smoothly and that the outer part of the inner stream became super- 
sonic and hence helped to eliminate the repetitive shock pattern in the fan 
stream. This led to a reduction in mixing as well as shock associated noise 
as was observed. Because of the strong radial flow we believe their findings 
are not applicable to other nozzle designs and that the larger noise reduction 
they found might simply be the consequence of their jet being noisier to start 
with. 

Subsequent works at the Syracuse University by Dosanjh et al. (refs. 11, 
12 and 13) using cold and hot jets appeared to arrive at a somewhat different 
criterion for the minimum noise condition. In these later investigations 
a new nozzle with a basic design similar to that of Figure 2.1 was used. 
These authors carried out overall jet noise measurements under a fixed fan 
stream operating pressure. The minimum noise condition was obtained by varying 
the primary stream pressure ratio until the so called “jet acoustic 
efficiency,” a term defined by them, was the smallest. When both the primary 
and fan streams were unheated they found that the minimum noise condition 
was achieved when 5, 1 2.02. This value is consistent with the present find- 
ing but differs from that of reference 10. However, when the primary stream 
was unheated and the fan stream was heated, they stated that they were unable 
to observe a definitive minimum under their definition of minimum jet acoustic 
efficiency. This appears to be somewhat misleading, for in Figure 3.9(b) 
under the same conditions, our data clearly’shows a distinct shock associated 
noise minimum at a slightly supersonic primary jet Mach number. 

To conclude, we want to emphasize that there are some major differences 
between the results and conclusions of the present work and those of the 
Syracuse University carried out over a number of years, The contributing 
factors to these differences appear to be in the nozzle design, the definition 
of minimum noise condition, and most importantly, the way by which the ob- 
served phenomenon is interpreted and understood. 
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Figure 4.2 Schematic diagram illustrating the reflection 
of shocks and expansion fans in the fan stream 
when the primary flow is subsonic. s =shock, 
e =expansion fan. 
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5, SHOCK STRUCTURE AND NOISE CHARACTERISTICS 

The basic objective of the work described in this section is to obtain 

an understanding of the characteristics of shock associated noi se from 

inverted-profile coannular jets in terms of the properties of the shock cell 
structure and the jet flow. To achieve this, a first order shock cell model 

is developed. Based on the concept that shock associated noise is generated 
by the weak interaction between the large scale turbulent structures in the 
mixing layers of the jet and the repetitive shock celi system, formulae for 
the peak frequencies as well as noise intensity scaling are derived. The 

calculated results of these formulae agree very favorably with experimental 
results. 

5.1 INTRODUCTION 

In Section 4 some of the observed features of shock associated noise were 
briefly discussed. It was pointed out that depending on the jet operating 
conditions, a repetitive shock structure can exist either in the fan stream 
or in the primary jet stream. The shock structure in these two cases can be 
very different. Hence the characteristics of the noise generated by these 
shock cell systems would also be very different. In the following, they will, 
therefore, be investigated separately. 

Shock associated noise is generated by sources which are coherent spatially 
over several shock cell spacings. This was first recognized by Harper-Bourne 
& Fisher (ref. 7) who studied the noise of choked jets. They proposed a 
simple model consisting of an array of well correlated point sources to 
describe the noise generation process. In a more recent paper, the present 
authors (ref. 9) investigated the shock associated noise of imperfectly- 
expanded supersonic jets from convergent-divergent nozzles. An al ternat ive 
noise generation mechanism, based on the proposition that this noise is pro- 
duced by the weak interaction between the downstream propagating large scale 
turbulent structures in the mixing layer of the jet and the periodic shock 
structure in the jet plume, was suggested. A simple analytical model of this 
noise generation process was developed from which a peak frequency formula 
and a noise intensity scaling formula were derived. It turned out that these 
formulae contained the theoretical results of Harper-Bourne E Fisher (ref. 7) 
as a special case. Further, it was shown that these analytical results agreed 
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very favorably with experimental results for underexpanded as well as over- 
expanded jet operating conditions, and for hot as well as cold jets. 

In this section the general approach and concept developed in reference 
9 will be extended to the case of inverted-profile coannular jets. A first 
order shock structure model for the inverted-velocity-profile jet will be 
constructed. Based on this mathematical model, peak frequency formulae and 
noise intensity scaling formulae are derived. The validity of these formulae 
is tested by comparing the predicted results with measured results. It will 
be shown that good agreement is found both for subsonic as well as supersonic 
primary jet flow. 

5.2 JETS WITH SUPERSONIC PRIMARY FLOW 

The flow field near the nozzle exit of an inverted-profile jet is 
strongly influenced by the nozzle configuration and the thickness of the 
primary nozzle 1 ip. The present work is confined to jets with negligibly 
thin primary nozzle lip and with exit velocity vector aligned in the direction 
of the jet axis. A schematic diagram of the nozzle configuration and the 
flow is shown in Figure 5.1. The exact dimensions of the jet nozzle used in 
the present experimental program can be found in Figure 2.1. 

When the flow in the primary stream is supersonic a repetitive shock 
structure would form principally in the primary stream. However , the infiuence 
of this shock system would also extend into the fan stream. For a slightly 
underexpanded jet the shock cells are formed by weak oblique shock waves. A 
first order model of such a weak shock structure can be obtained by solving 
the appropriate boundary value problem associated with the linearized equations 
of motion. For a single jet this type of model had previously been considered 
by Prandtl (ref. 14) and Pack (ref. 15), and has been found to be useful for 
estimating the peak frequency and intensity of shock associated noise (ref. 
9) - Here we will extend these earlier works to the case of supersonic co- 
annular jets. 

5.2.1 A First Order Shock Structure Model 

Consider the jet flow as shown in Figure 5.1. For simpl icity we will 
assume that the mean flow in each region is uniform and that the fan stream 
and the primary stream are bounded and separated by vortex sheets. We will 
use Mf and Mp to denote the Mach numbers in the fan and primary streams, 
respectively. The inner and outer radii of the coannular jet are taken to 
be a and b. The ambient pressure is denoted by pa and the pressure at the 
exit of the primary nozzle is assumed to be pa+Ap. The time independent 
linearized equations of motion governing the flow quantities of the shock 
structure have been given in full in Section 4 and hence will not be repeated 
here. In terms of the pressure perturbations in the fan and primary streams, 
pf and and pp respectively, the boundary value problem for the shock cell 
structure can be written out as, 

72 



r I a: 

at r = 0: 

at r=a: 

at r = b: 

at x = 0: 

Pf = 0 ; a <t-Lb (5-7) 

PP = Ap ;r<a (5-8) 

x+m : solution is bounded 

a2pp 
-+ 1 apP a*P 

at-* 
7 at- 

- - (Mp2 - 1) 2 = 0 
ax* 

a*Pf 1 aPf a*Pf 

+rar- 
(Mf2 - 1) - = 0 

at-* ax* 

pP 
is bounded 

1 PP = Pf 

1 

1 aPP 1 apf --=-- 

MP2 
at- 

Mf2 
ar 

(5-l) 

(5-Z) 

(5-3) 

(5-4) 

(5-5) 

Pf = 0 (5-G) 

(5-9) 

(5-10) 

where (r,x,e) are the variables of a cylindrical coordinate system centered 
at the nozzle exit as shown in Figure 5.1. Here the fan stream is assumed to 
be perfectly expanded. 

The solution of (5-l) to (5-10) can be constructed by the method of 
eigenfunction expansion (ref. 16). Following this method we will first 
assume that the solution can be represented by a linear combination of sep- 
arable solutions. It is straightforward to find in this case that these 
separable solutions are of the form, 

pf (r,x) = p,(r) cos kx 1 (5-11) 

pp (r,x) = p,(r) cos kx 1 



Substitution of (5-11) 
problem: 

r 5 a: 

at r = 0: 

at r = a: 

at r = b: 

d2ip 

into (5-l) to (5-6) leads to the follow ing eigenvalue 

dr* 
+L dip 

r 
- + k* (Mp2 - 1) 

dr ;; =0 
P 

d*& , dPf - +- - 
dr* 

r dr 
+ k* (Mf2 - 1) pf = 0 

;P is bounded 

I 

Pp = 6f 

1 d6P 1 di+ 
-- 

MP2 
dr =- 

Mf2 
dr 

h 

Pf = 0 

where k is the eigenvalue. 

The solution of (5-12) which sat isfies (5-14) is 

(5-12) 

(s-13) 

(5-14) 

(5-l 5) 

(5-l 6) 

(5-l 7) 

6, = A Jo (k JMp2 - 1 r). 

The solution of (5-13) which satisfies (5-17)and (5-15) is 

(5-18) 

[ J,(k JMp'-l a) [J,(k JM2-1 r) Y,(k JMF2-I b) 1 

if = A 
- J,(k Fl b) Y,(k JMF2-I d] 

(5-l 9) 

C 
J,(k m a) Y,(k m b) 

1 - J,(k m b) Y,(k G a)] J 

74 



where Jo(z) and Y,(z) are Bessel and Neumann functions of zeroth order, 
respectively. A is an arbitrary constant. Substitution of (5-18) and (5-ig) 
into (5-16),leads to the following eigenvalue equations for k: 

Jo (k q a) Y, (k m b) 

Jo (k q a) F HP2 -Jo (k m b) Y, (k w a)] 

-= 

J, (k {F a) v Mf2 [Jl (k m a) Y, (k m b) 

(5-20) 

i- 
-Jo (k m b) Y, (k JF;f’;?-I a)] 

Equation (5-20) has infinitely many roots. In Appendix 3 it is shown that all 
these roots are real. For convenience we will denote them as ki, i = 1, 2, 3 
. . . . . and assume that they are arranged in an ascending order or magnitude. A 
discussion of the positions of these roots is given in Appendix 4. To compute 
ki numerically one can make use of the limit (b-a)/ a << 1 which is the case 
of a single jet to provide a starting value for an iterative scheme. In this 
limit which is discussed in reference 9, ki /-a is approximately equal 
to the 
root ki 
2 it is 
is the 

th root of the zeroth order Bessel funciion. Corresponding to each 
of (5-20) is an eigenfunction given by (5-18) and (5-19). In Appendix 
proved that these eigenfunctions form an orthogonal set. 
th eigenfunction then the orthogonality condition is, 

If (bfi, ipi) 

b a 
Mf2 - 1 

(5-21) 
Elf2 I 

pfi pfj rdr + 
Mp2-’ ,. ,. 

MP2 

ppi ppj rdr=O; i +j. 

a 0 

We will now make use of this orthogonality property of the eigenfunctions to 
construct the shock cell solution to the boundary value problem of (5-l) to 
(5-l 0) - To do this we will let, 

pp (r,x) = y Ai 6pi (r) ~0s (kix) ;r<a _ 
i=l 

1 (5-22) 
co I 

Pf (r,X) = 1 Ai Pfi (r) COS (kix) ia<r<b _ _ 
i=l J 
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where Ai are arbitrary constants. It is easy to see that as it is with the 
exception of conditions (5-7) and (5-8),solution (5-22) satisfies the bound- 
ary value problem of (5-l) to (s-10). 
(5-8) yields 

Substitution of (5-22) into (5-7) and 

y Ai pfi (r) = 0 ;a<r<b 
i=l 

(r) = Ap ; r I a 

Equations (5-23) and (5-24) are to hold simultaneously 
range of r. TO find amplitude Ai, multiply (S-23) by 

in the ir respect ive 

Mf*-1 _ 

Mf2 
pfj (f-1 r 

and integrate over r from r=a to r=b. Also multiply (5-24) by 

(5-23) 

(5-24) 

Mp2-1 _ 

MP 
2 

Ppj (r) r 

and integrate over r from r = 0 to r = a. The sum of these two equations, 
after making use of the orthogonality condition (-S-21>, gives 

HP2 - I 
a 

P 2 
AP * 

‘P I 
Ppj (r! rdr 

Aj = 
0 

b 
. 

a 
Mf2 - 1 

I 
fif: (r) rdr + 

Mp2 - 1 

Mf2 a MP2 
I hi * (r) rdr 

0 

(5-25) 

Thus the first order shock solution corresponding to a nozzle exit pressure 
difference Ap is found. It is given by (5-22) and (5-25). 
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5.2.2 Peak Frequency and Noise intensity Scaling Formulae 

In reference 9 it was suggested that the shock associated noise is 
generated by the weak but coherent interaction between the downstream pro- 
pagating large scale turbulent structures in the mixing layer of the jet and 
its repetitive shock cell system. For inverted profile coannular jets with 
supersonic primary flows, a similar situation arises so that these jets 
would also radiate intense shock associated noise. As was discussed in 
reference 9 : the source of this type of noise radiation can be pictured as 
a superposition of travelling waves. The noise is a form of Mach waves 
produced by the supersonic phase velocity components. 
analysis of reference 9 

On following the 
and using the first order shock structure of 

(5-22), it is easy to show that the frequency, fp, of the spectral peak of 
shock associated noise is given approximately by 

UC 
fp = 

- MC cos 0) 

(5-26) 

where uc is the convection velocity of the large scale turbulent structures, 
kl is the smallest eigenvalue of (5-20), 0 is the direction of noise rad- 
iation and MC denotes u,/c, with ca being the ambient speed of sound. 
Equation (5-26) is formally the same as that of a single jet issued from a 
convergent-divergent nozzle. The principal difference lies in what kl is and 
its dependence on the flow configuration. In other words, the accuracy of 
(5-26) reflects the accuracy of estimating the wave length of the shock cell 
structure. Thus by comparing (5-26) with experiments, we are actually also 
testing the validity of the first order shock structure developed above. 

Now let us consider a series of experiments in which the outer fan stream 
Mach number is kept constant while the Mach number of the primary stream, Mp, 
increases gradually. As Mp increases the intensity of shock associated noise, 
I, also increases. Now to find the dependence of I on M we can follow 
the argument presented in reference 9 and derive tha !’ 

I a (Variation of noise source’ strength 
as measured from perfectly expanded 
jet condition)*. (5-27) 

For weak shock-turbulence interaction it was pointed out in reference 9 
that the turbulence can be considered more or less constant and the dominant 
source strength variation comes from the change in the strength of shocks. 
From the first order shock solutions of (5-22) we see that the change in the 
strength of the shocks is affected by the change in Mp in a very complicated 
way. The explicit dependence of this solution is shown in (5-22) and (5-25). 
However, the change in Mp will also affect Ap through which the strength of 
the shock is changed. 
(5-22)) (5-25)) (5-18) 

Now regardless of the value of Mp shown explicitly in 
and (5-19) the shock is of zero strength if Ap is zero. 

Thus to the lowest order, the change in the shock strength measured from the 
perfectly-expanded condition is proportional to the change in Ap of (5-25). 
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With this understanding, (5-27) can be rewritten as, 

I 
shock associated noise (5-28) 

It was shown in reference 9 that for a convergent-divergent nozzle of 
design Mach number Md, Ap/P, ‘is proportional to (M* - Md2). Hence (5-28) 
becomes P 

I 
shock associated noise 

c (Mp* - Md2)2 l (5-29) 

For a choked nozzle, Md is equal to unity. Thus for such a jet the intensity 
of shock associated noise would vary as 

I 
shock associated noise 

0~ (Mp2 - l)* (5-30) 

under a constant fan stream operating condition. The validity of scaling 
formula (5-30) will be tested by comparing with experimental results below. 

5.2.3 Comparison with Experiment 

An extensive experimental study of shock associated noise from inverted- 
profile coannular jets was conducted in this program. Full details are given 
in Section 2, and the salient features are as follows: The experimental 
program consisted of four series of tests. The coannular nozzle used in these 
tests is shown in Figure 2.1. In each series of tests all the basic jet para- 
meters except the pressure ratio of the primary stream (<,) were held constant. 
These parameters included the primary stream total temperature (T ), the fan 
stream total temperature (Ttf) and the fan stream pressure ratio FE 1 f . The 
primary stream pressure ratio and hence the Mach number was increased by a 
small increment at a time until the Mach number range of 0.52 to 1.56 was 
covered during each test series. The values of the various jet operating 
parameters in the experimental program are shown in Table 5.1. 

Table 5.1 Coannular jet operating conditions in the acoustic experiments. 

Ttp( K) Ttf ( K) Sf 5, 

Series 1 300 800 3.0 1.2 + 4.0 

Series 2 800 300 3.0 1.2 + 4.0 

Series 3 600 800 3.0 1.2 + 4.0 

Series 4 300 800 4.3 1.2 + 4.0 
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According to the first order shock structure model developed above, the 
shock associated noise for supersonic primary flow will peak at a frequency, 
f,, given approximately by equation (5-26). In the present inverted-velocity- 
profile flow configuration, shock associated noise is considered to be gene- 
rated principally by the weak interaction between the large scale turbulent 
structures in the mixing layer separating the fan and primary streams and the 
repetitive shock cell system of the primary stream. 
mixing layer varies from ip 

The mean velocity of the 
(the primary stream velocity) to Uf (the fan stream 

velocity) with an average velocity, Ua, equal to 0.5 (tip + lf) . In the absence 
extensive flow and turbu lence measurements we will take uc, the convective 

locity of the large turbulent structures in equation (5-26), to be equal 
0.7Ua in analogy to that of a single jet. Thus (5-26) becomes 

of 
ve 
to 

Eleven microphones were used to provide intensity and spectral data of the 
total jet noise over the angular range from 20° to 120° relative to the jet 
axis. To examine the shock associated noise component alone it is necessary 
to subtract the contribution of jet mixing noise from these data. In the 
rear arc of the jet, turbulent mixing noise predominates. Hence in this 
sect ion, only those data measured in the forward arc of the jet where shock 
associated noise is important will be analyzed in detail. 

kl ua 
fp = (5-31) 

2Tr (1 - Ma COS 0) 

where ua = 0.5 (if + ip) and Ma = ua/ca. 

To test the accuracy of (5-31) the calculated peak frequencies will now 
be compared with experimental results. Figures 5.2 and 5.3 show the measured 
noise spectra at Mp = 1.28 and Mp = 1.47 of test series 1. The noise spectra 
at e = 90° and 0 = 120° are dominated by a single peak of relatively narrow 
bandwidth which is one of the characteristics of shock associated noise. As 
can be seen the calculated peak frequency values match quite closely with the 
measured peak frequencies. The dependence of fp on the observation angle 0 
is accurately predicted in both cases. Figures 5.4 through 5.9 are repres- 
entative data taken from test series 2, 3 and 4. The calculated peak freq- 
uencies of (5-31) are also shown. The agreement between measurements and 
predictions is extremely good in all the cases. In the four test series of 
the present experimental program, the primary and fan stream temperatures 
were varied from cold to hot and vice versa. The Mach number range covered 
was quite extensive. In all the test points examined, there is always a 
favorable agreement between the calculated values of (5-31) and experimental 
results. Based on this it is possible to state confidently that equation 
(5-31) can indeed provide an accurate first estimate of the peak frequency 

of shock associated noise from inverted-profile coannular jets with super- 
sonic primary flow. 

79 



The variation of the measured noise intensity at 0 = 120° for each test 
series as a function of the primary flow Mach number was studied in Section 
3 (see Figures’3.5 to 3.8). These noise intensity curves drop to 
a minimum at a slightly supersonic primary flow Mach number. It was pointed 
out there thatatthis minimum noise condition the noise is essentially turb- 
ulent mixing noise alone. As the primary flow Mach number increases there is 
a rapid rise in the noise intensity. This rapid increase in noise level 
over a relatively small Mach number range is the result of the large contrib- 
ution of shock associated noise. Thus as a first estimate of the shock 
associated noise intensity. we will assume that the turbulent mixinq noise is 
fairly constant relative to shock noise and is equal to the noise intensity 
at the minimum noise condition of each test series. That is, 

I = 
shock associated noise 

I 
measured 

- I 
turbulent mixing noise 

2 I 
measured 

- I 
measured at minimum noise condition (5-32) 

By means of (5-32) the shock associated noise intensity as a function of 
primary flow Mach number can be calculated. These values can now be used to 
test the accuracy of the shock associated noise intensity scaling formula 
(5-30). Figures 5.10, 5.11, 5.12 and 5.13 show the intensity of shock assoc- 
iated noise (computed according to equation (5-32))as B = iMp2 - 1 varies for 
each test series. The solid straight line in each of these figures represents 
the expected noise intensity as given by formula (5-30). It is evident from 
these figures that the agreement between measured data and (5-30) is quite 
good. By comparing the four figures it is easy to see that the proportion- 
ality factor of (5-30) is not a universal constant. Test series 1 and 3 have 
the same fan stream Mach number, fan stream total temperature and similar 
primary stream total temperature. The proportionality constants are pract- 
ical ly equal in these two cases. Test series 2, on the other hand, has a 
normal instead of an inverted temperature profile. Although the fan stream 
Mach number is the same as in test series 1 and 3, the shock associated noise 
intensity is less. This reflects the fact that the large scale turbulent 
structures in the jet mixing layer are influenced by the velocity and temp- 
erature gradients of the shear layer. 

5.3 JETS WITH SUBSONIC PRIMARY FLOW 

When the primary flow is subsonic, a repetitive shock ccl 1 structure can 
exist in the supersonic fan stream. Although the gross features of the shock 
cells such as the length of each cell are controlled by the mean velocity 
profile, the strength of the shocks and other details are very much influenced 
by the nozzle design. If the fan stream nozzle exit is recessed back relative 
to the primary nozzle, then the ratio of the length of this recess to the fan 
stream nozzle height (annulus) is an important parameter in determining the 
internal structure of the shock cells. In addition, the thickness of the 
primary nozzle lip does exert an important influence on the flow field in its 
vicinity and hence the repetitive shock system downstream. Through their 
influence on the shock cell system, all these factors are, therefore, important 
in the subsequent generation of’shock associated noise. The nozzle used in 
the present experimental work (see Figure 2.1) has a very thin primary nozzle 
lip but a rather large recess ratio of 2.23. Thus the measured data would 
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in some aspects be ref letting the nozz le configuration and the particular 
recess ratio used. The basic objective of this investigation is to obtain an 
understanding of the shock associated noise of inverted-profile coannular jets 
that are not too dependent on the particular nozzle configuration. It is 
beyond the scope of this work to study the influence of the primary nozzle lip 
thickness, fan stream nozzle recess ratio and other nozzle configuration 
variables on shock associated noise. We will confine our investigation only 
to the effects of the flow variables such as the fan and primary stream Mach 
numbers and the speed of sound, etc. 

5.3.1 A First Order Shock Structure Model 

The strength of the shock cell system in the fan stream is obviously 
controlled by the mismatch of pressure at the nozzle exit and the ambient 
pressure and other configuration details of the coannular nozzle. Beyond 
the primary nozzle exit (see Figure 2.1), the spacings of shock ccl 1s are, 
however, completely determined by the jet flow. Within the restricted ob- 
jective of this work as stated above, we wi 11 now develop a first order shock 
structure model to estimate the size of the shock cells as a function of the 
flow parameters. This information will be used later to determine the peak 
frequencies of the shock associated noise. 

Consider the flow configuration as shown in Figure 5.14. Because the 
flow in the primary jet is subsonic, the influence of the shock structure in 
the supersonic fan stream will extend upstream into the primary nozzle. In 
terms of pressure perturbations in the fan stream, pf, and the primary stream, 

PP’ 
the boundary value problem for the first order shock structure is, 

r<a; -co < x < co: 

a2pp , app 
-+- - 

ar2 r 
at- + (1 

a2pp 
- Mp2) - = 0 

ax2 

a < r < b - - ; x > 0: 

r = b: 

r = a; x > 0: 

a2pf 1 apf a2Pf 
-+- 0 

ar2 r 
- - (Mf2 - 1) - = 

ar ax2 

Pf = 0 

(5-33) 

(5-34) 

(5-35) 

Pf = Pp (5-36) 
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1 apf 1 apP - -=- - 

Mf2 
at- 

MP2 
at- (5-37) 

as x -+ -I 00, 
pP 

is bounded 

at x = 0: 
p f 

= Ap 

apf 
al rib 

-= 
ax 0 

(5-38) 

(5-39) 

(5-40) 

r = 0: 

r = a, x < 0: 

pP 
is bounded 

apP 
1 

J (5-41) -= 
ar 

0 

As before this boundary value problem can be solved by the method of eigen- 
function expansion. However , because of the upstream influence inside the 
primary nozzle, two sets of eigenfunction expansion are necessary, one for 
x 1 0 and the other for x 5 0. For x 5 0, it is straightforward to show that 
the appropriate expansion which satisfies (s-33), (5-38) and (5-41) is 

r 5 a: 

r 1-lm x 

PP (5 x) = y Cm JO (pm 
m=l 

b)exp 

a- 
l 

(5-42) 

where 1-1 are the zeros of the first order Bessel function and Cm is a set of 
arbitra?y constants. For x ? 0, the appropriate eigenfunction expansion can 
be found by using separable solutions as in section 5.2. Let 

where k 
(5-43) 

p f (r, x) = Re [pf (r) cos 

PP (r, x) = Re [pp (t-1 cos 

is an arbitrary constant and Re [ 1 = real part of. Substitution of 
into (5-33) to (5-37) leads to the following eigenvalue problem: 

a 5 r 5 b: 

kxl 
I (5-43) 

kxl 

d2bf 1 dPf 
+-- 

dr 2 
r dr 

+ k2 (Mf2 - 1) pf = 0 (5-44) 
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r 5 a: 

d2^ 
PP 1 dip -++-- k2 (1 _ 

dr2 
r dr 

r = b: 

r 
r = a: 

1 

The general soluti on of (5-44) which sat sfies (5-46) is 

;f = 0 
Pf = Pp 

1 di+ , 6, 
- -=- - 

Mf2 
dr 

MP2 
dr 

Mp2) pp = 0 

. 
Pf = D 

I,(km a)[J,(k J;lf2-1 r) Y,(k JM2-1 b) 

[ J,(k e a> Y,(k m b) 

The general solut 
is 

(5-45) 

(5-46) 

(5-47) 

(5-48) 

(5-49) 

- Jo (k JMf2-1 b) Y. (k JMf’-l r)] 

- Jo (k / Mf2 - 1 b) Y, (k J Mf2 - ’ a) 1 

on of (5-45) which is bounded at r = 0 and satisfies (5-47) 

PP 
= D I, (k 41 - Mp2 r) (5-50) 

where lo(z) is the zeroth order modified Bessel function. To satisfy the 
last condition of the eigenvalue problem (5-48), the eigenvalue k must be a 
root of the following equation: 

I, (k w a) Mf2-1 

/ 

MP2 -= 

I, (k -a) 1 -- Mp2 Mf2 

Jo (k &-a) y, (k eb) - Jo (k qb) YO (k ma) 1 (5-51) 
J, (k JMf2-1a) y, (k qb) - Jo (k Jl;f2-lb) YT (k Wa) 
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The roots of (5-51) are either real or purely imaginary. This can be shown 
by noting that equation (A3-1) of Appendix 3 is also applicable to the 
present problem. Since Mp2 is less than unity, the right hand side of (A3-1) 
is either positive or negative. k being the square root of the right hand 
side must, therefore, be either real or purely imaginary. The real roots 
represent periodic solutions in the flow direction. These are solutions of 
special interest to the shock associated noise problem. A discussion of the 
locations of these roots is given in Appendix 4. If k is purely imaginary 
(5-43)will give unbounded solution as x + ~. These roots are to be discarded. 
Corresponding to each real root of (5-51) the eigenfunction (pfi, ppi) is 
given in the form of (5-49) and (5-50) so that the full solution for x 1 0 is 

pf (r, x> = F Di pfi (r 
i=l 

.) cos (k i x) (5-52) 

PP b, X) = y Di ppi (r) cos (ki x) 
i=l 

where Di (i = 1, 2, 3 . ..) are arbitrary constants. The last step in finding 
the first order shock structure solution is to impose the boundary and joining 
conditions on (5-42)) (5-52) and (5-53) at x = 0. Here, however, we wi 11 not 
pursue this point any further as the fan nozzle exit geometry used in our 
experiment is quite different from the simple model of Figure 5.14. The 
difference will manifest itself in the values of Cm and Dm of (5-42), (5-52) 
and (5-53) only. It will not affect the eigenfunctions (pfi (r) cos ki x, 
Ppi (r) cos ki x). We will not make use of these coefficients to study the 
effect of Mach number on the intensity of shock associated noise. 

5.3.2 Peak Frequency Formulae 

In reference 9 it was shown that for a supersonic jet from a convergent- 
divergent nozzle, the shock associated noise was concentrated around a single 
peak. This noise was generated by the interaction of downstream propagating 
large scale turbulent structures and the lowest mode of periodic shock cell 
solution. It was found that the higher order modes could also give rise to 
supersonic source component and hence shock associated noise. However, for 
the single jet case the amplitudes of higher order modes were so much smaller 
than the fundamental that their associated noise would be difficult to 
observe. For the inverted-profile coannular jet, the amplitudes Di in (5-52) 
of the various periodic modes are highly dependent on the nozzle configuration. 
Schlieren photographs of the jet flow taken in an earlier experiment (ref. 4) 
clearly indicated that a highly complicated internal structure existed inside 
the basic shock pattern. This strongly suggested that, at least, several 
higher order modes were present in the fan stream shock cell structure. Thus 
the resulting shock associated noise spectrum might not consist of just the 
usual single characteristic peak. Instead it could be dominated by a sequence 
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of peaks with overlapping half-widths. 

To estimate these peak frequencies, one can simply make use of the first 
order shock cell solution given by equation (5-52). By following the analy- 
sis of reference 9 it is straightforward to find that the ith peak freq- 
uency is given approximately by 

UC ki 
fpi = 

2~r (1 - MC cos 8) (5-54) 

where ki is the ith smallest real root of the eigenvalue equation (5-51). 
The quantity uc is the convection velocity of the large scale turbulent 
structures in the outer fan stream mixing layer. According to the single 
jet turbulence data uc is nearly equal to 0.7 uf where uf is the fan stream 
velocity. Incorporating this into (5-54) one finds 

0.7 Uf ki 

fPi = 2Tr (1 - 0.7 Mf cos e) (5-55) 

(i = 1, 2, 3 . . . . . . . 1. 

To compare (5-55) with measurements, the values of ki have to be found by 
solving (5-51) numerically. It turns out that this can be accomplished relat- 
ively easily by using an iterative root finding procedure such as Newton’s 

method. As first guess values, the wave numbers given by formula (4-27) of 
Section 4 have been found to be extremely helpful. 

5.3.3 Comparison with Experiment 

We will now compare the calculated peak frequencies of (5-55) with 
experimental data. Figures 5.15 and 5.16 show the measured noise spectra at 
two experimental conditions of test series 1 (see Table 5.1). In Figure 

a5n;58w:t:2;0P. - 
- 0.52, the spectrum clearly exhibits twin peaks at both 8 = 90° 

The calculated peak frequencies corresponding to the first two 
shock cell modes are also shown. As can be seen, there is good agreement between 
calculated results and measured peak frequencies. Figure 5.16 shows similar 
results at a high subsonic primary flow Mach number of 0.90. In this case 
the upper frequency limit of the measured spectrum at 8= 60° is high enough 
to include the peak frequency of the noise generated by the first shock cell 
mode. At 0 = 120’ the calculated peak frequencies of the first four modes 
are included. The data shows two well defined peaks near the first two 
calculated peak values. For the third and fourth peaks, the measured data 
points are too far apart to establish whether these peaks do exist or not. 
That is, the spectral analysis in one-third octave bands does not provide 
adequate resolution, and narrowband frequency analysis is required to 
distinguish these peaks. 
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Figures 5.17 to 5.22 show similar data for test series 2, 3 and 4. -A 
closer examination of all the data (including those not given in this report) 
and calculated peak frequency values reveals that the shock associated noise 
consists of at least two or more peaks. Strong indications are found in test 
series 2 that as many as four to five modes are contributing to the far field 
shock associated noise. The lack of resolution in the data, however, pro- 
hibits a clear identification of the higher order modes. When the peak 
frequencies are sufficiently close to each other the overlapping of contri- 
butions from adjacent modes causes the spectrum to look like a smooth 
continuous curve with occasional irregularities. Great care must, therefore, 
be exercised in interpreting the high frequency end of the shock associated 
noise spectra. 

In formula (5-55) the value of ki is not a function of the fan stream 
Mach number (Mf) alone. As can be seen in (5-51) it depends on the primary 
flow Mach number (Mp) also. To illustrate this dependence, we will examine 
the noise spectra at 0 = 120’ for different values of Mp but at a constant 

Mf. Figures 5.23 to 5.26 give the measured spectra and calculated peak 
frequencies for the four test series. It is easy to see that as the primary 
flow Mach number increases the measured as well as the calculated peak 
frequencies decrease. The change in the lowest peak frequency is the largest 
and is most noticeable in the test series 3 data. The decrease in the 
observed peak frequency when Mp increases from 0.52 to 0.96 is as large as 
one-third of the original peak frequency value. This is reproduced by the 
calculated results, although the calculated results appear to somewhat over- 
predict the change in peak frequency with changing Mp in some other cases. 

The intensity of shock associated noise, I, does not appear to be much 
influenced by the subsonic primary flow Mach number. This can be seen from 
Figures 3.5 to 3.8 of Secti,on 3. In each of these figures the measured 
noise intensity is practically constant over the range Mp < 1. Thus I is a 
function of the fan stream Mach number, Mf, alone. By following the argu- 
ments of section 5.2, it is straightforward to derive the scaling formula 
I = (Mf2 - Md2)2 where Md is the fan stream nozzle design Mach number. Here 

we will, however, not pursue this point further as there are not enough 
data points to verify this formula. 

To sum up, an exceedingly favorable overall agreement is found when 
comparing all the spectral data, including those not shown in this report, 
with equation (5-55). The dependence of fpi in (5-55) on the variables 8, 
Mf and Mp are all confirmed by experimental results. The good agreement 
between theory and experiment obtained here provides further validation of 
the shock associated noise generation mechanism proposed in reference 9. 
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Figure 5.1 Schematic diagram of nozzle geometry and vortex 
sheet bounded inverted-profile coannular jet. 
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Figure 5.2 Noise spectra at Mp=1.28: Series 1. 
Calculated peak frequency. 
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Figure 5.3 Noise spectra at Mp=1,47: Series 1. 
Calculated peak frequency 
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Figure 5.4 Noise spectra at Mp=1.19: Series 2. 
Calculated peak frequency. 

90 



O- 

/ 

O- 

I 

3- 

I 

- I I I I I I 

0.25 0.5 1.0 2.0 4.0 8.0 16.0 31.5 63.0 

l/3-OCTAVE CENTER FREQUENCY (KHZ) 

I I I I I I I I 

Figure 5.5 Noise spectra at Mp=1.38: Series 2. 
Calculated peak frequency. 
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Figure 5.6 Noise spectra at Mp=1.19: Series 3. 
Calculated peak frequency. 
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Figure 5.7 Noise spectra at Mp=1.47: Series 3. 
Calculated peak frequency. 
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Figure 5.8 Noise spectra at Mp=1.28: Series 4. 
Calculated peak frequency. 

94 



I 

5d 1 \8=60° 

I, I I I I I I I I 

0.25 0.5 LO- 2.0 4.0 8.0 16.0 31.5 63.0 

l/3-OCTAVE CENTER FREQUENCY (KHZ) 

Figure 5.9 Noise spectra at Mp= 1.47: Series 4. 
Calculated peak frequency. 
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Figure 5.10 Intensity of shock associated noise as a function 
of Bp: Series 1, 0 = 120°. 
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Figure 5.11 Intensity of shock associated noise as a function 
of Bp: Series 2, 0 = 120'. 

0 Experiment: - I"Bpb. 

97 



O- 

)- 

I- 

0.3 0.5 0.7 1.0 1.5 

Figure 5.12 Intensity of shock associated noise as a function 
of BP: Series 3, 8 = 120°. 
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Figure 5.13 Intensity of shock associated noise as a function 
of BP: Series 4, 0 = 120°- 

0 Experiment: IaBp4. 
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Figure 5.14 Schematic diagram of coannular jet flow bounded 
by vortex sheet. 
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Figure 5.15 Noise spectra at Mp=0.52: Series 1. 
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Figure 5.16 Noise spectra at Mp=0.90: Series 1. 
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Figure 5.17 Noise spectra at Mp=0.52: Series 2. 
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Figure 5.18 Noise spectra at Mp=0.90: Series 2. 
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Figure 5.19 Noise spectra at Mp=0.52: Series 3. 
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Figure 5.20 Noise spectra at Plp=0.96: Series 3. 
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Figure 5.21 Noise spectra at Mp=0.52: Series 4. 
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Figure 5.22 Noise spectra at Mp=0.96: Series 4. 
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Figure 5.24 Noise spectra at 8 =120°: Series 2. 

- Mode 1 
tczzaa Mode 2 III Mode 3 Calculated peak frequency 

L Mode 4 / 

110 



80 

80 

80 

5 dB 
, 

t I -0.25 I I I I I 0.5 1.0 2.0 4.0 8.0 16.0 31.5 I 63.0 I 

l/3-OCTAVE CENTER FREQUENCY (KHZ) 

Figure 5.25 Noise spectra at 8=120°: Series 3. 
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Figure 5.26 Noise spectra at 8 = 120°: Series 4. 
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6, CONCLUSIONS 

The research activity associated with coaxial or coannular jet noise has 
intensified in recent years as a result of the NASA-Lewis funded programs on 
model duct-burning turbofan engine noise measurements, in which it has been 
observed that coannular jets with “inverted” velocity profiles provide signi- 
ficant noise reductions. To obtain a fundamental understanding of the noise 
reduction mechanisms in coannular jets, Lockheed-Georgia first conducted a 
one-year contract study for NASA-Langley in which the major emphasis was 
placed on shock-free jet operating conditions. As a result of this effort, 
the changes in turbulent jet mixing noise characteristics in inverted-profile 
coannular jets, relative to the fully-mixed equivalent single jet (defined 
as having the same thrust, mass flow rate, and exit area as the coannular 
jet), have been largely quantified and understood. 

In the same Lockheed study, extensive optical measurements were also 
conducted to observe the variation of shock structure in coannular jets as 
a function of fan (or outer) and primary (or inner) stream pressure ratio 
combinations. These optical measurements indicated that for a fixed super- 
critical fan pressure ratio, the shock structure of the outer flow undergoes 
a sudden change when the primary pressure ratio becomes just supercritical. 
Although similar observations were also reported by Dosanjh and his co- 
workers at Syracuse University, any noise benefit which might be associated 
with these “sudden” changes in the shock structure was neither quantified 
nor understood prior to the present program. One of the primary requirements 
of the work described in this report was to obtain systematic acoustic data 
to support the postulation, based on the optical measurements mentioned above, 
that the broadband shock associated noise from coannular jets may be greatly 
reduced at and near the conditions at which this sudden change in the fan 
flow shock structure occurs. In addition, it was necessary to obtain a 
fundamental understanding of the associated phenomena, so that the noise 
benefit of coannular jets at supersonic conditions can be scientifically 
optimized. 

The overall objective of the present investigation, therefore, was to 
quantify and obtain a physical understanding.of the noise reduction mech- 
anisms in supersonic inverted-velocity-profile coannular jets, with emphasis 
on the shock associated noise reduction. 

A summary of the work conducted to achieve this objective and the main 
conclusions are given below. 

Experimental Work 

The noise characteristics of coannular jets operated at supercritical 
pressure ratios have been measured in the Lockheed anechoic facility using 
a “primary-extended” coannular nozzle configuration of fan-to-primary area 
ratio Af/Ap=0.747 and equivalent nozzle diameter Deqz6.6 cm. Four series 
of acoustic measurements were conducted. Within each test series, the fan 
stream pressure ratio and the total temperatures of the primary and fan 
flows were kept fixed, while the primary stream pressure ratio was varied 
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from 1.2 to 4.0. For all coannular jet test conditions, corresponding 
acoustic measurements for the equivalent single jet were also obtained so 
that the noise characteristics from the two types of jet can be compared 
directly. The total experimental program covered a wide range of fully- 
expanded fan-to-primary velocity ratios (Vf/Vp) from 0.55 to 4.27. The 
fully-expanded equivalent jet velocity was varied from 380 to 650 m/s. 

The results from the acoustic experiments have been analyzed (1) to show 
the variation of coannular jet noise levels with primary stream Mach number, 
and (2) to quantify the noise reductions in terms of the differences in noise 
levels between the coannular jet and the equivalent single jet. 

In the forward arc of the jet, where shock associated noise predominates, 
the acoustic results have conclusively proven the hypothesis, made at the 
beginning of this program and based on earlier optical measurements, that 
the shock associated noise from the fan stream of a coannular jet is indeed 
virtually eliminated (or at least minimized) when the primary flow is operated 
at a Mach number (Mp) just above unity. Furthermore, this “opt imum” con- 
dition occurs at all values of (supercritical) fan stream pressure ratio and 
primary and fan flow total temperatures considered in the present experiments. 
At this optimum condition, the coannular jet provides the maximum noise 
reduction relative to the equivalent single jet. Since shock noise is 
practically eliminated at this condition, the actual magnitude of this 
maximum noise reduction is simply governed by the basic jet mixing noise 
level of the coannular jet when Mp is slightly greater than 1.0. 

The second most important finding from the acoustic experiments is that, 
unlike the reduction of jet mixing noise from a coannular jet, which occurs 
only at inverted-velocity-profile conditions, velocity ratio Vf/Vp is not an 
important parameter in the elimination or reduction of shock associated 
noise from a coannular jet. The shock associated noise reduction can be 
achieved at inverted- as well as normal-velocity-profile conditions, provided 
the coannular jet is operated with the primary stream just slightly super- 
sonic. 

Theoretical Work 

To understand the experimental results on shock associated noise 
reduction from coannular jets at the “optimum” condition (when the almost 
periodic shock cell structure of the fan stream nearly completely disappears), 
an analytical model for the periodic shock cell structure has been con- 
structed and studied first. It has been established that this abrupt change 
in the shock structure, and hence the decrease in shock associated noise, 

would occur when the primary jet flow is just slightly supersonic regardless 
of the Mach number and temperature of the fan stream. 

The simple model indicates that a drastic change in the fan stream shock 
cell structure takes place when the primary stream increases its velocity 
from subsonic to supersonic. Physically, this abrupt change in the shock 
cell system arises principally because a subsonic flow cannot transmit flow 
discontinuities such as shocks and expansion fans but a supersonic flow can. 
Hence,when the primary stream Mach number is slightly supersonic, no 
periodic shock cell pattern can form in the outer fan stream. Also, at Mach 
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number just above one, the shock cell structure of the primary stream is 
extremely weak. Thus under this condition, the coherent interaction between 
the turbulence in the mixing layers of the jet and the periodic shock cell 
system is most ineffective. As a result, the corresponding shock associated 
noise is the least intense. 

In the second part of the theoretical work, a first-order shock structure 
model for the inverted-profile coannular jet has been developed. Based on 
the concept that shock associated noise is generated by the weak interaction 
between the downstream propagating large scale turbulence structures in the 
mixing layers of the jet and the repetitive shock cell system,-formulae for 
the peak frequencies as well as noise intensity scaling have been derived. 
The validity of these formulae was tested by comparing the predicted results 
with measured results. Good agreement was found both for subsonic as well 
as supersonic primary jet flows. 

When the primary flow is highly supersonic (Mp> l), the shock structure 
extends from the primary stream to the entire fan stream. The resulting 
shock associated noise is generated mainly by the interaction of turbulence 
and the shock cell structure in the primary stream, and it exhibits char- 
acteristics which are similar to those of a single jet. The noise spectrum 
consists mainly of a single characteristic peak. 
approximately as (Mp2 - Md2)2, 

The noise intensity varies 
where Md is the nozzle design Mach number. For 

a choked nozzle, its intensity scales as (MP 2 - 1)2 under a fixed fan stream 
operating condition. 

When the primary flow is subsonic (Mp < 1), the shock structure exists 
only in the fan stream. In this case, the primary flow Mach number does not 
seem to have a significant influence on the radiated noise intensity. How- 
ever, it does affect the values of the peak frequency of the noise spectrum. 
Aside from the basic periodicity of the shock structure in the fan stream, 
the shock cells tend to have a more complex internal structure. It is 
believed that the formation of this internal structure is strongly influenced 
by the geometrical configuration of the coannular nozzle design. Because 
of this additional internal shock pattern the shockcell system can be 
considered as made up of more than one periodic component. The shock assoc- 
iated noise in this case, therefore, consists.of a sequence of spectral peaks. 
At the high frequency end of the spectrum these peaks tend to merge together 
to form a broadband spectral curve. The observation of this multi-peak 
shock associated noise spectrum shape is new and does not seem to have been 
reported by other investigators before. The measured frequencies of these 
peaks agreed quite well with theoretical values calculated according to a 
linear shock cell model. 

Finally, the good agreement between theory and experiment obtained in 
this work provides further validation of the shock associated noise gene- 
ration mechanism proposed recently by the authors (ref. 9). In addition, 
it strongly indicates that a linear shock cell model is useful not only for 
correlating shock associated noise, but, perhaps, even in the development of 
a comprehensive shock associated noise theory. 
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APPENDIX 1 
ACOUSTIC DATA 

This appendix contains the acoustic data acquired under this contract. 
To keep the appendix to a reasonable size, only one-sixth of the total data 
generated from the experimental program are included. However , these data 
have been carefully selected and organized such that for each test series, 
the variation of the noise characteristics with primary stream Mach number 
and observer angle can be systematically seen in sufficient detail. 

A figure index describing the various plots (27 x 4 = 104 in all) is 
given in Table \Al. 1. For each of the four test series, the results are given 
for every other test point. Also, out of the eleven values of observer angle 
0 considered in the experimental program, the data in this appendix are pre- 
sented at four values of 8, namely, (a) 8 = 30°, (b) 8 = 6o”, (c) 8 = 90°, 
and (d) 8 = 120’. 

The results are plotted in the form of one-third octave band sound 
pressure level spectra. The spectra are “lossless” (i .e., with zero atmos- 
pheric attenuation), and the levels are expressed for a common observer 
distance of 100 equivalent nozzle diameters (R = 100 Deq) from the nozzle 
exit plane. 

Each plot shows a comparison between two spectra, the coannular jet 
noise spectrum and the corresponding equivalent single jet noise spectrum. 
The following symbols are used throughout the appendix: 

0 Coannular Jet 

Cl Equivalent Single Jet 
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APPENDIX 2 

ORTHOGONALITY CONDITION 

Let ki be the ith eigenvalue and (if., 
the eigenvalue problem defined by equatio;s 

i 
( 

i) be the ith eigenfunction of 
F-12) to (S-17). It is straight- 

forward to rewrite the differential equations and boundary conditions as 
fol lows: 

r 5 a: 

1 
dl; . 

7 & (r -$) + ki2 (Mp2 - 1) ppi = 0 

1 difi 
J & (r 7) + ki2 (Mf2 - 1) pfi = 0 

(A2-1) 

(A2-2) 

r + 0: ppi is bounded (A2-3) 

r = a: 
h 
ppi = 6fi (A2-4) 

(A2-5) 

r = b: pfi = 0 (~2-6) 

6 Multiply (A2-1) by pi- r- and integrate over r from o to a, we find after 

MP2 
performing one integration by parts to the first integral, 

a a ,. 
r dl;pi 

A 
dPPJ P-P 

MP2 
dr dr 

dr + ki2 
~ 

Pj dr 

0 0 0 

= 0 (M-7) 
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6fj r 
Multiply (A2-2) by - 

Mf2 

and integrate over r from r = a to r = b we obtain 

after one integration by parts, 

b 
(Mf2 - 1) 

J 

A 
r 6fi Pfj dr= 0 (A2-8) 

Mf2 a 

Adding (A2-7) and (A2-8) and using boundary condition (A2-3) to (A2-6), we 
have, 

a b A A 
-J dPpi 4 pj dr _ 

G dr dr J di r dPfi dTj dr 
---a-T 

a Mf2 
0 

b 

G 

Mf2-1 _ 

pj 
dr+ J 

Mf2 a 
r 'fi Pfj dr =O. 

I 

(A2-9) 

Equation (A2-9) holds for arbitrary i and j. Interchanging i and j in this 
equation, we find 

a 

r di; . d; b ,. n 

-J J r 

M2 
*--$dr- - - dPfj dPfi dr 

. . 
0 P a Mf2 

dr dr 

+ k.2 
J 

rb h 
,. ,.. 

PJ 'pi 
dr+ 

Mf2-' J 
Mf2 a 

r Pfj Pfi dr 

b 

1 = 0 (A2-10) 

Subtract (A2-10) from (A2-9) and noting that ki # k., the orthogonal ity 
condition J 

Mp2-1 a 
b 

J A A 
Mf2-1 _ 

. dr+ 
Mp2 o r 'Pi 'PJ Mf2 J r pfi fj 

b dr=O;i#j 

a 

(A2-11) 

is established. 
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APPENDIX 3 

REAL AND IMAGINARY EIGENVALUES 

To show that all the eigenvalues of eigenvalue problem (5-12) to (S-17) 
we will make use of equation (A2-9) in Appendix 2. In this equation 

can be any eigenfunction. 
the complex conjugate. 

We will now let (fi;t., @$i) be (@pj, ~fj), 
Now (A2-9) can b&‘written as 

+ Joa 1 $$- I2 rdr +--$Jb 1 di,i I2 rdr 

ki2 = - 
a 

Mp2 - 1 
a 

J r Ppi 
I I 

2 
dr + 

MP2 o 

. (A3-1) 

For Mf 2 > 1 and M 2 > 1, 
P 

the right hand side is positive definite. Hence ki 

is real. 
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APPENDIX 4 
THE SPECTRA OF DISCRETE REAL EIGENVALUES 

In this appendix the spectra of the discrete real eigenvalues of 
equations (S-20) and (5-51) will be discussed. It will be shown that the 
set of real zeros of equation (5-51) which corresponds to subsonic primary 
stream Mach numbers is fundamentally different from the set of real zeros 
of equation (S-20) for supersonic primary Mach numbers. 

In the eigenvalue problems that lead to equations (S-20) and (5-51), 
the eigenvalue k appears as k2 
also be an eigenvalue. It is, 

SO that if kj>O is an eigenvalue, -kj will 
therefore, sufficient to restrict our attention 

to k>O alone. The right hand sides of equations (S-20) and (5-51) are 
identical. For a given set of parameters the graph of this quantity as a 
function of k has many branches as shown in Figure A4.1. For large values 
of k the zero crossings and vertical asymptotes are given by, 

and 

n7r 

kn 2 h$-? (b-a) 

(n + $J Tr 
(zero cross i ngs) 

kn E fi (b-a) 
(vertical asymptotes) 

where n = integers. These formulae can be derived by using the asymptotic 
forms of the Bessel functions with large argument. As a function of k, the 
left hand side of equation (5-51) consists of a single curve with a vertical 
asymptote at k=O and a horizontal asymptote of negative one as k + 0). This 
is shown by the dotted curve in Figure A4.2. The real eigenvalues are 
given by the intersection points of this curve and the multi-branch graph 
of Figure A4.1. This is shown in Figure A4.2. 

The graph of the left hand side of equation (5-20) as a function of k 
has infinitely many branches as illustrated by the dotted curves of Figure 
A4.3. These different branches are separated by vertical asymptotes at 

n = 1, 2, 3, . . . 

where Sn are the nth zero of JT (S). In Figure A4.3 the graph of the right 
hand side of equation (S-10) is also shown. The roots of this equation are 
given by the intersection points of these graphs. It is now obvious by 
comparing Figures A4.2 and A4.3 that the structure and arrangement of the 
eigenvalues for Mp>l are fundamentally different from those for M 
numerical values as well as the number of eigenvalues within each Ii 

~1. The 
ranch 

of the graph is strongly influenced by the ratio of inner to outer jet radii 
and the jet flow Mach numbers. In contrast to this, when Mp is subsonic 
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there is always one eigenvalue in each branch of the graph of Figure A4.1. 
The physical implication is that the periodic shock structure which exists 
in the fan stream when the primary flow is subsonic will terminate when the 
primary stream Mach number is increased to unity. a new system 
of shocks will form in the flow. 

For Mp > 1, 
This new shock system usually would have 

a very different internal structure. 
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Figure A4.1 Graph of the right hand side of equations (5-20) and 
(S-51) as a function of k. 
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Figure A4.2 The spectrum of discrete real eigenvalues of 
equation (S-51). 
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Figure A4.3 The spectrum of discrete eigenvalues of equation (5,Z’O). 



APPENDIX 5 

LIST OF SYMBOLS 

0 

ap* af 

A, B, D 

Apr Af 

ca 

d 

Deq 

DP, Df 

e 

fP 

I 

Im 

I 01 11 

J 0, Jl 
L 

MC 

Md 

Mp, Mf 

P 

pa 

Ptp’ Ptf 

r 

rP’ ‘f 

inner and outer radii of coannular jet 

speed of sound in primary, fan stream 

arbitrary constants 

exit area of primary, fan stream 

ambient speed of sound 

fan stream annulus width 

diameter of equivalent single jet nozzle 

diameter of primary, fan nozzle exit 

denotes expansion fan 

peak frequency of shock associated noise 

acoustic intensity 

denotes imaginary part of 

modified Bessel function of zeroth-order, first-order 

Bessel function of zeroth-order, first-order 

shock cell length 

= UC/C, 

design Mach number of convergent-divergent nozzle 

Mach number of primary, fan stream 

pressure 

ambient pressure 

total pressure of primary, fan nozzle 

radial coordinate 

radius of primary, fan nozzle exit 
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R 

Re 

S 

TP 

Ta 

Ttp, Ttf 

“, ” 

“C 

“P’ “f 

“eq 

“P, “f 

x, Y 

yo, Yl 

B 

AP 

e 

CP, Ef 

P 

pp, pf 

distance from nozzle exit to microphone 

denotes real part of 

denotes shock 

test point 

ambient temperature 

total temperature of primary, fan flow 

velocity components associated with periodic shock cell solutions 

convection velocity of large scale turbulence structures 

primary, fan stream velocity 

fully-expanded exit velocity of equivalent single jet 

fully-expanded exit velocity of primary, fan stream 

coordinates 

Neumann function of zeroth-order, first-order 

= (HP2 - 1)’ 
pressure difference at nozzle exit 

microphone or observer angle relative to jet exhaust axis 

pressure ratio of primary, fan nozzle 

density 

density of primary, fan stream 
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